Answers to Exercises, Week 8, MAT3100, V20

Michael Floater

Exercises in Week 8 are: 17.1, 17.2, 17.3, 17.4 of Vanderbei.
Exercise 17.1
The given problem is
maximize —xi+ X9

subject to T

A IA
L

x1, e = 0.
The optimal solution is clearly (x1,22) = (1,1). The dual problem is

minimize Yy; — Yo

subject to —y2 = —1
U Z 17
Y1,Y2 2 O
We can rewrite this as
maximize —y; + Yo
subject to Yo <1,
—U S _17
Y1,Y2 Z 07

and so we see that (D) equals (P).
The central path is the solution, for each p > 0, to the 2m + 2n equations

Az +w = b,
ATy — 2 =¢,
xjz; = p, all g,

wy; =, all 4.



Since (P) and (D) are the same we have y; = x; and z; = w; for all 4, and
therefore it is sufficient to solve

Arx +w = b,

rjw; = @, allj.

=[] as[n o=l

and so the equations become

We have

To + Wy = ]_,
—I + Wo = _]-7
T1W1 = TaWy = .
Now we can eliminate w; and wy using the first two equations,
wy =1 — xg, wy = 11 — 1,
to get
1'1(1 — 1'2) = .1'2(33’1 — 1) = U.
The first equation is the equation of a parabola. So the central path in the
(21, z2) plane is a parabola. However, we want the path as a function of pu.
To do this we can eliminate x5 using the second equation,
Ty = p/(x1 — 1)
and substitute into the first:
21 (1= p/(z1 = 1)) = p,

or
o} — (14 2p)x1 + p = 0.

w1 = (14 2u+ /1 + 4u2)/2.

Since we must have x; > 1 for a feasible solution, we must have
w1 = (14 20+ /1 + 4u2)/2.

A similar calculation gives
2= (1= 2u+/1+42)/2.

We find that the path p(p) = (x1(p), z2(p)) converges to (x1,z2) = (1,1) as
1 — 0, which we can easily see is the optimal solution.

The solution is

2



Exercise 17.2

The given problem is

maximize (cosf)x; + (sinf)z,

subject to 1 <1,
X2 S 1a
L1, T2 Z 0.

The optimal solution is clearly (x1,x2) = (1,1). We have

cos 0 10 1
c_{sinﬁ}’ A_[O 1]’ b‘[l]’

and the central path equations are

T +w =1,
Ty + wy = 1,
Y1 — 21 = cos b,
Yo — 29 = sin b,
T121 = ToZ = WY1 = WalY2 = M.
In this case there are four equations in the unknowns x1, wq, y1, 21, and there

are four other equations in the remaining variables. Thus it is sufficient to
solve the first four:

r+w = ]_,
Y1 — 2 = cosb,

T1z1 = Ywr = .
Using the last two, the first two become

T+ w = 1,
(1/wy — 1/x1)p = cos.

Using the first to eliminate w; we find

(1/(1 —xq) — 1/x1)p = cos.



Let A = cos@/p. Then
A2+ (2= Nz, —1=0,
and so
r1=A—2+VA2+4)/(2)\)

(there is only one solution by the constraint that x; > 0). We can rewrite

this as
x1 = (¢ —2p+ /e +4p?)/(20),

where ¢ = cosf. A similar calculation gives

T2 = (¢ = 2u+ /& +4p?)/(20),

where ¢ = sinf. We can immediately see that (z1,22) — (1,1) as ¢ — 0. To
get the limit as yu — oo, we can rewrite x; as

24
—Cc+ 2+ /A2 + 42
and then we see that x1 — 1/2 as u — oo. Similarly, o — 1/2 as yu — oo.
Exercise 17.3

We form the more general barrier problem

maximize c'x + Y r;loga; + 3, silogw;
subject to Az +w = b,

for positive r; and s;. We now follow the same steps as in Chapter 17, using
Lagrange multipliers and taking partial derivatives, and we end up with the
four equations

Ar +w = b,
ATy — 2 =,
CEJ'ZJ' = Tj, all j,

wiy; = s;,  all 4.

The proof of existence and uniqueness are similar to Chapter 17.



Exercise 17.4

The given problem is

maximize >, ¢;x;
subJect to Zj QT = bz‘,
z >0.

Since the constraints are equalities, we could consider trying to solve

maximize Y. c;E3
subject to Y7 a&Z = by,

with &, ..., &, free variables. If & = (&,...,£") is an optimal solution to
the auxiliarly problem then x* = (£2,...,£2) solves the original problem (it
doesn’t matter about the signs of &, ..., &").

The advantage of the auxiliary problem is that there are no inequalities
and we could apply Lagrange multipliers. However, the problem is non-linear
and might not be easy to solve.



