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All 10 part questions will be weighted equally.

Problem 1 Simplex method
Consider the LP problem (P)

maximize 1 + 2x5
subject to 3z + x9
—I1 + X9

Ty, T2

1la

Use the simplex method to find an optimal solution and the corresponding
objective value.

Answer: We introduce the slack variables w; = 9 — 321 — 29 and wy =
1+ 21 — 22, and then the initial dictionary is

n = r1 + 2%,
w, = 9 — 333‘1 — i)
Wy = 1 + ry — i)

We can let x5 go into the basis. When increasing x,, we need x5 < 9 to keep
wy; > 0, and 2o < 1 to keep wo > 0, and so ws leaves the basis. Then, we
express

To = 1 + x — wa,

and with this substitution, the new dictionary is

(Continued on page 2.)
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n = 2 4+ 3r1 — 2w
w; = 8 — 41’1 + Wo
o = 1 + @ —  w

Now x; goes into the basis, and w; leaves, and with the substitution,

_o 1 n 1
T = 4w1 4’602,
the new dictionary is
n =8 — @B/Yw — (5/4H)wy

This dictionary is optimal, and so an optimal solution is x; = 2, o = 3 (and
w; = wy = 0) and the optimal objective value is n = 8.

1b
Make a plot of the feasible region for (P) and indicate your optimal solution.
Answer:

3 (2,3)

2

1

0

0O 1 2 3

1c

(i) Let (P’") be the LP problem formed by adding the constraint, x; — 2z, < 4,
to (P). What is the optimal objective value of (P’)?

(ii) Let (P”) be the LP problem formed by replacing the objective function
of (P) by z1 + 3z5. What is the optimal objective value of (P”)?

Answer: (i) Since the set of points
{(%1,1‘2) X1 — 233'2 S 4}

contains the feasible region, the point (z1,22) = (2,3) is also an optimal
solution for (P’) and the optimal objective value of (P’) is the same as that
of (P), i.e., n=28.

(Continued on page 3.)
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(i) we can represent the new objective function 1’ in terms of w; and ws:

n =z + 31
1 1 1 3

= 11—’[111—21112,

and this is the new top line of the dictionary. The coefficients of w; and
wy are again negative and so the new dictionary is optimal. The solution is
(x1,22) = (2,3) as before and the new objective value is i = 11.

1d
What is the dual problem (D) of (P)?
Answer:
minimize 9y; + yo
subject to 3y; —y. >1,
hn + Y2 Z 27
Y1, Y2 2 0.
le

What is an optimal solution to (D) and what is the corresponding optimal
value?

Answer: The dual variables (yi,y2) correspond to the slack variables
(wy,ws) and the dual slack variables (zi1,25) correspond to the primal
variables (z1,x2). Using the negative-transpose property of the simplex
method, the dual dictionary corresponding to the optimal primal dictionary
is

—C = -8 - 22’1 — 32’2
y1 = 3/4 + (1/4)z + (1/4)z
y2 = 5/4 — (/4)n + (3/4)z

This dictionary is also optimal, and the optimal dual solution is z; = 2o =0
and y; = 3/4 and y, = 5/4, and the optimal objective value is again 8.

Problem 2 Standard form

Convert the LP problem

minimize 3x; —4rs —2x3
subject to —x1 +2z5 +3x3 > 2,
21’1 —T9 = 5,
T1,T3 Z 0

(Continued on page 4.)
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into standard form (the form suitable for the simplex algorithm). Note that
x9 € R is a free variable. What form of the simplex algorithm will be required
to solve it? (do not try to solve it).

Answer: We can convert the problem as follows:

maximize —3xr; +4xy +2x3

subject to —2ry —3x3 < =2,
21 —I <5,
=211 +@g < =5,
xy, 13 > 0.

To deal with the free variable x5 we let zo = y — 2z for y, 2 > 0. Then the
standard form is

maximize —3x; +4y —4z +2x3

subject to  x -2y 42z —3r3 < -2,
2JJI -y +z S 57
—2x1 4y -z < -5,

xr1,23,Y,2 > 0.

The 2-phase simplex method will be required because the right hand side is
not non-negative.

Problem 3 Convexity

3a
Recall that a polytope P is the convex hull of a finite set of points x1,...,x; €
R™. Show that P is convex.

Answer: Let x,y € P and let A\ € [0,1]. Then we need to show that
(1 = X\)x+ Ay € P. By definition,

t t
X = E WX, |y = E ViXi,
i=1 i=1

for ps, v > 0and Y20y = >, vi = 1. Then

t t
L=Nx+ Ay = (1= px; + A vix
=1 =1

t

= Z((l — N + Av;)X;.

i=1
Since
(1= XN)pi + Ay >0,

and since
t

i=1
it follows that (1 — \)x+ \y € P.

(Continued on page 5.)
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3b

Let A; and Ay be m x n matrices and let by and by be vectors in R™. Show
that the set
S = {X e R": A1X S bl,AQX = b2}

is convex (if it is non-empty).

Answer: Let x,y € S and let A € [0,1]. Then we need to show that
z:= (1 - X)x+ Ay € S. By the linearity of matrix multiplication,

A1z = (1= AN)Aix+ A1y < (1 = A)by + Ab; = by,

and

Aoz = (1 — M) Asx + AAyy = (1 — A)by + Aby = bo,

and therefore z € S.

Problem 4 Network flow

Consider the minimum cost network flow problem based on the directed
graph shown in the figure. The number associated with each directed edge

3 3 -5
a b

(4,7) is its cost per unit flow, ¢; ;, and the the number associated with each
node 1 is its supply, b;.

4a

Let T be the spanning tree formed by the edges (a,c), (¢,b), (d,b), shown
in bold in the figure. Compute the tree solution x corresponding to T7.

Answer: The flow balance equation at node 7 is

j:(i,j)EE k:(kyi)eE

(Continued on page 6.)
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By ‘tree solution’” we mean that there is zero flow on edges not in T}, i.e.,
Toa = Led = Tad = 0.
We use leaf elimination to find the x;; in T7:

e flow balance at a gives z,. = 3,
e flow balance at ¢ gives x4 — T4 = —2, and so x4 = 1,

e flow balance at b gives —x4 — xg = —5, and so x4 = 4.

4b
Use the network simplex method to find an optimal solution and optimal
value for the flow problem.

Answer: x above is non-negative and therefore a feasible solution. We
compute the dual variables using y; = y; + ¢;; for each edge (7,7) in 77. Use
node a as the root and set y, = 0. Then

yc:27 yb:67 yd:5

We now compute the dual slacks z;; = ¢;; — (y; — ;) on the edges (i, ) not
in 7T;:
Zba = 97 Red = _17 Zad = 1.

Since z.4 is negative, x is not an optimal solution. So, we pivot. We take .4
into the basis. If we increase .4 from 0 to €, we obtain a loop of edges (¢, d),
(d,b), (c,b) with changed flow. The flows on these edges change to

Led = €, Idb:4+€, ;chzl—E,

while the other flows are unchanged. The maximum allowed increase in x4
is therefore ¢ = 1, and this makes x4, = 0, and so . leaves the basis. This
gives us a new spanning tree Ty with edges (a,c), (¢, d), (d,b), and the new
tree solution x is given by
Tpg = Teb = Tad = 0.
and
Lac = 3) Led = 17 Tap = D.

The dual variables, with y, = 0, are now
yc:27 yb:57 yd:4>

and then
Zba = 8, Zeb = 17 Zad = 2.

The z;; are now all non-negative and so x is an optimal solution. The optimal
objective value (minimum cost) is

Z CijTij = Caclac + CedTed + CapTap =2 X 3 +2x 1+1x5=13.
(3,7)€T>

Good luck!
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