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f : [−1, 1] → lR
�;¾$�[�+��¿&¢*¿]�[�|¡9�À�|�ÀÁ ½ �ÃÂÅÄ	¿c�g�ÇÆÀÈ9¿4È9¡ ½ ¿]� ½É½ �!�g¢3�|ÆÀ�|¿	¿c�|�

f(−1) Ê
f ′(−1) Ê È9¡ f(0)

£3Ë$�|�p� ���
a Ê b Ê c �[�*¢�� ½ ���[��¡9�����|¿

∫ 1

−1

f(x) dx ≈ af(−1) + bf ′(−1) + cf(0)

�����|�]� ½ ���+ÂÅÈ9���RÈ9�5Ìg¿	È9�4�|� ½ �t¡J� ½ � ≤ 2
£

Í=Î	ÏcÐgÑ
Ò ��¡9�[Ä	¿c¿ ½ ���*¢�¿	� ½ �[¢5�[���b�|�U�	�(�k¿cÈ9���$�d¢*�[� ½ �U�[��¡9�|�*�|¿É���U�|�]� ½ ���yÂÅÈ9�Y�RÈ9�5Ìd¿cÈ9�&��¿	�

1 Ê x Ê x2
£3ÓÔ���+¡9¢��³�*¢�¡9¿c¢*¿	¡9�À�ÀÌg�À�[�|�4���

a+ c = 2,

−a+ b = 0,

a− 2b = 2/3.

¼ �9�À¿	¢�¿	¡J�|¿?���
a = b = −2/3

ÈJ¡
c = 8/3

£

¤¦¥§¥?¨�©�ª¬« Õ Ö)«�´(×Ø´Ù´�·.¸y«³²�¥Úº�×|©�µJ¹Yº»·
Û �	��¿	¿	�ÜÈJ�	�	¡ ½ �9�|¿�� �[��¿	¡9���L�	Ä�ÂÅÈ9�À�&������¿ÝÂÅÈ9�Ú¢�¿�� ���[�RÈ9� ½ �ÅÆÀÈJ¿Þ�&����ÂÅ��¢��*�*�|�	�Þ�	�
ÂÅÈ9�À�&��¿

φ(x) = PN(x) + EN(x) ß �9ÈJ�

EN(x) =
(x− x0)(x− x1) · · · (x− xN)φ(N+1)(c)

(N + 1)!
.
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PN �! 	"$#&%' 	( �*)�+-,/.	�0+�1 ≤ N 2  �(435% )6��� �7 �" �*�6����18� % . 3 )6)0�:9<; %'= 2<>  	% � % φ

3 1 3 2 ) 3?%'= )6� � ; %'= )0��� x0, x1, . . . , xN 3 �*) 3?% )0�*�@,�+ "5" [a, b] A φ ∈ Cn+1[a, b]  . c �*�B�*)
� ; %'= ) 3 [a, b] CD
+

f
,FEB�6�G� % 9<; %'= 2<>  	%H( ��1JIK�6� =� 	% ) 3?% ;'��� "?3 .	�L18��� 3 ,	���M)0� �KN �*) 3?% )0�*�@,�+ "5"

I = [−2h, 2h] A7O ,  � h > 0
����. 3 )@) C DP+ p(x)

,�EB�@� �! 	"5#&%' �( �Q)�+-,/.	�0+�1 ≤ 3 2 "?3?=+�)
p(jh) = f(jh)

9  � j = −2,−1, 1, 2 CR 3 2 +�)S9  � x ∈ [−h, h]
. > � " 1'�*�ST!��.	�@� % 2 %'3?% .�� %

∣

∣f(x)− p(x)
∣

∣ ≤ 1

6
h4M4, O ,  � M4 = max

x∈I

∣

∣f (4)(x)
∣

∣.

U7V'W8X&Y[Z � 3?"?" ��1'1'�Q)\�*� 3 , N �@)S) 3?" 9<� "5" �

f(x)− p(x) =
1

4!
f (4)(c)(x+ 2h)(x+ h)(x− h)(x− 2h).

�\, 3 2 x ∈ I
���
c ∈ I C DP+

w(x) = (x+2h)(x+h)(x−h)(x−2h) = (x2−4h2)(x2−h2) = x4−5h2x2+4h4.

]�+^�*�
|f(x)− p(x)| ≤ 1

4!
max

x∈[−h,h]
|w(x)|M4. _a`�b

cd+ = 2 +e, |w(x)|  ��'�'%KN 2 � % )0� %f3 � % 1'� � ; %'= )0� % �g+-, 35% )6���@,F+ "?" �*) [−h, h]
� "?" �*� 3 �Q)

� ; %'= ) x ∈ (−h, h) O ,  � w′(x) = 0 C R 3 O +�� w′(x) = 4x3 − 10h2x C ]��Q):� % � 2 )0�
� ; %'= ) 3 (−h, h) O ,  � w′(x) = 0

���
x = 0 C ]��Q)�. 3 �

max
x∈[−h,h]

|w(x)| = max{|w(−h)|, |w(0)|, |w(h)|} = |w(0)| = 4h2.

h �Q)6)0�*�S, 3 18�*)6)6� 35%'%i3 _M`eb 9 N �B, 3
∣

∣f(x)− p(x)
∣

∣ ≤ 1

6
h4M4.

jlkik/mon\prqts u�v�wiwxqty v*wxv�y{z/y n�p q\w |�ziwx}�~	���ow
DP+

f : [a, b] → lR
,�EB�6�:� % ; %'3?(� 1K+ " 9<; %'= 2<>  	% A 1 C , C�2�A +�)B1'�*)BI %'% � 2 �Q) � ; %'= ) t∗

3 (a, b) 2 "53?= +�) f ��� 2 )6�6� % .�) (� 	%' )  	% )�+-,�)�+�.	� % 1'� �'N [a, t∗]  . 2 )0�6� % .�) (� �%' )  �% ),  	= 2 � % 1'� �KN [t∗, b] CR 3 T!�*)0�6+ = )0�*�
9<� " .	� % 1'� ( �*)  1'��9  � N I %'% � (�35%'35( ; ( �*) t∗ C Z  � k = 0, 1, 2, . . . A.	� % ���@���@���\, 3 IK�6�:9<� " .	��� (ak) A (bk) A (ck) A (dk) C ���*�\���
ck = ak + (1− r)(bk − ak), dk = bk − (1− r)(bk − ak),

O ,  � r ∈ (1/2, 1)
���\� %L� +��0+ ( �*)6���B, 3�= + % ,	� " .	� CR 3�" +�� a0 = a  . b0 = b C Z  � O ,	��� k ≥ 0 A 1'�QI % ���@����, 3 ak+1 = ak  . bk+1 = dk1'�*� 2  �( f(ck) ≤ f(dk)  . ak+1 = ck  . bk+1 = bk

� "5" ��� 2�C
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a1 ·	¸ b1 ¹Kº�» [a, b] = [0, 1] ·	¸ f(x) = 4/9 + (x− 1/3)2 ·�¸ r = 3/4 ¼½7¾'¿8À&Á�Â�Ã?Ä ³ ¹ a0 = 0 ·	¸ b0 = 1 Å ¹'¹ ³ »/Æ Ã c0 = 1/4 ·�¸ d0 = 3/4 ¼�Ç�È ³ »
f(c0) = 65/144

´ · ¶É³ » ¶ Ã ¹ Ä » ³�³ ¹'¹ f(d0) = 89/144 ¼'Ç ³ »@Ê<·	» ³ » a1 = a0 = 0 ·	¸
b1 = d0 = 3/4 ¼
°ÌË
Â�Í » Ã Æ ³ ¹ ¶ È µ6Î È�Ï Ê<Ð'¹ Í ´<Ñ ·�¹Ò	Ó�Ô!ÕFÖ!×	Ø�ÔÚÙMÛ�ÔÝÜ¢Þ�Ô8ßáàãâ	ä�Û	åKÕeæÝçMÒ	ÔKÛFè[äÌÜ6ÛÌÜéÞÝÜMåêÜéÔ7ë
´ · ¶ ¸ Ã µ6µ a ì b ¶�³ Ä a < b ì n ≥ 1 ì r ∈ (1/2, 1) ·	¸ ³ ¹LÐ'¹ Ã ¶ · Ä È Î Ê<Ð'¹ Í ´íÑ ·	¹ Ò	Ô'ÛFè[äî º [a, b] ì'Ï ³ » ³ ¸	¹ ³ » an = an ·	¸ bn = bn

´ · ¶ Ï ³*´ Í » ³ Æ ³*µ ·�Æ ³ ¹�Ê<·	» ¼½7¾'¿8À&Á
Ò	Ó�Ô!ÕFÖ!×	Ø�ÔÚÙMÛ�ÔÝÜ¢Þ�Ô8ßáàãâ	ä�Û	åKÕeæÝçMÒ	ÔKÛFè[äÌÜ6ÛÌÜéÞÝÜMåêÜéÔ7ë
Ò'Ø�åðï�à!ñPòóÔ
ÕôàõÛ÷öøç�ñúùûå!ë÷üÉçéÞýùôÛKëPþ
ÿ àHÞýù ç�ñúùûå!ë÷üÉçéÞýùôÛKëPþ
ÒKÕôà÷Ò8ä � Û��
ç@Ò	Ô'Û�èKä�Ü�Õ�ëPþÒ ÿ à÷Ò8ä � Û��
ç@Ò	Ô'Û�èKä�Ü ÿ ëPþ×�ÒðÒ[Õ���à÷Ò ÿ
Þ à ÿ þ

ä��&â�ä
Û÷àãÕ
þ

ä�Ô ÿ
ä�Ô ÿ
Û�Ô àõÛ�þiÞ�Ô àHÞ�þ
°��
� ·	»�Æ Ã Î Í º�» Î Ã ¸ r Ã (1/2, 1) ³ » Ä ³*µ�µ · Ê<Ð'¹ Í ´<Ñ ·�¹ ´6³ Æ È Î Ð ³ » Ã ¹'¸ ³ » î ³ » Ã µ0³ » È ´<Ñ ·�¹ ¼
	 ³ Ä ³*µÎ Ð'» µ Æ È Î ¸ È Æ r Í È ¹/Æ Ã » ³ Ä Ð ´@³ » ³ » Ä ³*µ@µ0³ µ Ã Î�³ ¹ ¼�� Æ Ã ´ Ê<·	» ³ Í ´6³�¶ î ³�Î f(ck) ≤ f(dk)Í È ¹/Æ Ã Ê�º Ä ³*µ@µ0³:µ Ã Î Æ ³ Ä º Í » ³ Æ ³ È µ dk+1 = ck ¼ � Ã ¹'¹ r ¼½7¾'¿8À&Á�
 µ Ã Î Ê ³*Î5Î5³Qµ f(ck) ≤ f(dk) �KÈ »SÆ Ã ak+1 = ak ·	¸ bk+1 = dk ¼[Ç�È ³ »

dk+1 = bk+1 − (1− r)(bk+1 − ak+1) = ak+1 + r(bk+1 − ak+1)

= ak + r(dk − ak) = ak + r2(bk − ak).

Â�Ã5Ä ³ ¹
ck = ak + (1− r)(bk − ak),

Ê�º�»BÆ Ã
1− r = r2.

Ç ³ ¹ ³ ¹ ³*´@µ6³oÎ���´ ¹ Ã ¹'¸ ³ ¹ Ã (1/2, 1) ³ » r = (
√

5− 1)/2 ¼
� ������� � �����a�������r�6��¯8� �
! "
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���t���t|Isfqtsdu:��v
qt���t{}s�����s ���t~�sd���2�iyI�t�(�&�,��sd��v
qJs�u

yj+1 = yj + hf
(

tj +
h

2
, yj +

h

2
f(tj, yj)

)

, j = 0, 1, 2, . . . . ���B�
� vB�X��~��B{�s���ut������y*~�zBsd�}qt��wt�}vI�t~�s���sg�

y′ = f(t, y), y(a) = y0

w�����u&�}s���z�yI~�~�sd�
[a, b] ��� s��Xs�� tj = a+ j · h   h = (b− a)/M

vBx
M
s��Xsg�¡w_vB{}������z&�

�tsd~���yI~�~ �t¢ |&�}��z£s�u¥¤:y*��~�yI� � �tuJ|
{§¦�vBu¨J©*ª�«J¬c­�®°¯�±�¯8²G¯2³J´k¯¶µ�·
{}vI�R�_s��}sdxButsd�isdu¸zBs�|@�}vB�

Y ∈ lRM+1 y�z��}��~�ut¹i�}��s�qtsX~��B{�ut��uJxBs��°�_wt�tut|@��sduts tj � vB�
j = 0, 1, . . . ,M

zBsdq���¦�s�~�w�y�z ���B�b�Iº �}�t|f�¸y���~»y*� � �tut|&{§¦�vButs�u ®�«I¼J±�½ � vB�6�¾sgz*yI~��ts���s� �tuJ|
{§¦�vButsdu
f �¿�ÀtÁJÂ
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