
R e v i e w o f q u i z z

Probability

X . Y independent random v a r i a b l e s taking va lue 0 , 1

w e k n o w P L X - O , Y - O ] = 0 . ' t , P [ X t o , Ye ' t ] - 0 . 3{w h a t c a n w e s a y about P l x - I , Y = * ] ?

X a n d Y independent '

.
n o c o r r e l a t i o n between t h e i r

v a l u e s ; P I X - a , Y = b ] = P C X = a ] P L Y - b )

i n o u r setting: P [ X - O , Y - 0 1 = 0 . ' t , P [ X t o , Ye ' t ] - 0 . 3

⇒ P L Y = ' t ) i s 3 x m o r e l ikely t h a n P C Y= o ]

s o PCX - I , Y - 1 ) = 3 P [ X - I , Y - o ]

w e a l s o h a v e 2 P I X - a , Y = b ] = ' t
9 = 0 , 1
b - 0 , 1



cont . ) t h e n PCX = ' t , Y = ' t ) = 0.45 , P [ X - I , Y = 03=0.15

l i n e a r algebra

A , B s q u a r e m a t r i x o f s i z e 3
,
t k A = ' t = r k B(what

c a n w e say about A T B ?

t k A = 1 m e a n s
'

.

o X A Y = ( '8%80] fo r s o m e inver t ible m a t r i c e s X , Y

• t h e s e t o f v e c t o r s of t h e fo rm A (F) has

d i m e - E r maximal # o f linearly independent v e c t o r s

i . e . I K o , y o , 2 - o t x . y , - 2 I s Al}] =sf¥§)

(¥:] : f i r s t c o l umn o f X - t



c o n t . ) s im i la r l y

the 13=1 ⇒ I K i , Y i , Z , t x . y , - 2 I t 131¥] = tf}';]
s o A- + B ) ( I ) - SLE?] + tf?!]
w e c a n s a y : the s e t of v e c t o r s o f t h e fo rm ( AT B ) (§]
i s spanned by II?] and I}!]

(§!) and (§!] linearly independent ⇒ d ime n s i o n 2

⇒ r t ( A T B ) - 2

they a r e n o t 1in. indep. i . e . (¥:] =,-(§!]
A t B # O ⇒ d i m . I ⇒ H e ( A t B ) = ' t

A 4 1 3 = 0 ⇒ d i m . O ⇒ r k I A + B ) t o



B a s i c setup o f quantum mechan ics

( L e c t u r e 3 i n m a i n r e f . )

paradigm : a s t a t e o f a "discrete" quantum mechanical

s y s t em i s represented by a un i t v e c t o r i n ¢ "
fo r s o m e N

u n i t v e c t o r i (§,] E I N s u c h tha t ¥, 1% 1 2 = 1

m o r e a b s t r a c t v e r s i o n
'

.

c o n s i d e r Hi lber t s p a c e

i n s t e a d o f I N e . s . E l k , d x ) , L>(Rd, dsc)@EN, . .

t h a t a l l o w f u n c t i o n s i n c o n t i n u o u s v a r i a b l e s f c k ) . - - -

a n d operat ions l i k e f i x ) ↳ f l e x ) , . . .

( b u t requ i re functional analysis t o hand le

d i f f i c u l t i e s i n c o - dimensional s p a c e s )



i n t h i s c o u r s e , w e s t i c k t o f i n i t e dimensional c a s e

s o Q N i s e n o u g h . b u t

¢N x o @No. - * E N ( I 1C"") t e n s o r product s p a c e

Mdce ) ( I Qd2) m a t r i x s p a c e

a r e sens ib le candidates f o r s t a t e s p a c e s

simplest n o n t r i v i a l example : N = 2 qubit s p a c e
0 2

u s genetic e lements ( f ) a . p e a

u n i t v e c t o r s ( f ) w i t h k l ' t Ipl-='t

× , p : amplitudes f o r t w o possibilities " O " , " I "

1212, I@12 : probabilities



N o t a t i o n ( b r a - Ke t )

10) = l't] ,
l ' t ) = ( I ] E E -

genetic v e c t o r ( i n E ' ) 1 4 ) , l y ) , - - Ket v e c t o r s

f o r 1 4 ) = (xp]
,

w r i t e (014) = L , ( 1 1 4 > = p

fo r 1×1=18], l y ) - (%), w r i t e (f i ly)=a*x'tr ip'
termin-an i n n e r product o f €2

(fit = x " ( 0 1 t @*( E l beta func t iona l j
'

' t a k e i n n e r prod. w i t h 14)"

D, l o ) t 0

I index
~
o r i g i n o f v e c t o r s p a c e ('to] =/ (8]

o f b a s i s



w h e n i s t h e b r a - Ke t n o t a t i o n useful ?

w e c a n w r i t e too) = l o ) -010) , 1017=101×011) E # E
-

t e n s o r product
f o r t e n s o r product s p a c e I € 4

w h e n T i s a t ransform, ( t e l l y ) t o rep resen t

"apply T t o p , t h e n t a k e i n n e r product w i t h 14)"

s o m e i mpo r t a n t u n i t v e c t o r s

I t ) = ¥1101-11't)) = (FE), I - I = ⇐ ( l o ) - l ' t ) ) = (EE)
Hada-mard b a s i s

I i ) = ⇐ ( l o ) t i l ' t ) ) = (EE)
,
I - i ) = ¥ ( l o ) - I l ' t ) ) =

(FEE)
,



Norms o f 14) : 11/411=44119 ( 2 - norm) E " z #2N

11411=0 # I t ) - O
, 1 1 f t tell E 11411+11411 " t " t o E u c l i d e a n

n o r m
u n i t v e c t o r : 1 1 4 1 1 = 1 f ¥ . t X z ¥

Tr a n s f o r m a t i o n o f quantum s t a t e s

w a n t : s c h e m e t o t r a n s fo rm u n i t v e c t o r s t o u n i t v e c t o r s

Proposition : s u pp o s e U i s a 2 × 2 complex m a t r i x

i f D - ( f ) i s a u n i t v e c t o r whenever (f) i s a un i t v e c .

then 0 i s unitary: V t = V - t # ✓ +
V - I - G - V I I I ,

z
ou] u s i t = /

x ' t z *
V = ( K g

y * ' * ]
V t = (E E

another convention
5
Fu]



O u t l i n e o f t h e proof

point I i t m a k e s s e n s e f o r v e c t o r s : ( f )
t

= [ x x pix]

→ 1451=141; 1%1+1%1=4'tpts', 1014> I t - (p i l o t

point 2 : t h e t r a n s fo rm 14) v s ly) = -014 ) sends u n i t

v e c t o r s t o u n i t v e c t o r s # (414) - (p ly ) i n general

⇒ w e w a n t (410+014)=(4/4) f o r
a n y 1 4 )

⇒ V t - = I z D

R e m a r k t h i s ho lds f o r s q u a r e m a t r i c e s o f a rb i t r a r y

s i z e : 110/1,] 11=11/1,111 fo r a l l 11,] E E "

t , t r - 1 = 0 ' '



Examples

I a = ( I E ) , N o t = (E 'to], ( 'to go], (
" s o -sin-0

s i n Q c o s

-0]

"phase sh i f t " " r o t a t i o n "

s o N O T 101= 1 1 ) , N O T l ' t ) = l o ) ,
e t c .

Rema r k : 1/4,) , 142) otthonormal b a s i s o f € 2

( t i l t ; ) =

{ I c i = j )
o I i # j )

( f i ) , 1ps) another orthonormal basis

⇒ I ' . unitary m a t r i x V s i t . 0 1 4 , ) = I p , ) , 01427=142)

V = 1 µ m t 19211421

B ) ↳ (4,13#same
w i t h

= H " (4411++14)/11%51

1 4 2 ) , 142)



Q u a n t u m interference

l e t t o b e t h e 2 × 2 un i ta r y m a t r i x s i t
.

✓ t o> = I t ) -⇐ ( lo)-111)) , V l ' t ) = I - I = # (lo) - l't))

s o V c r e a t e s a "random s t a t e " I t ) f rom

a "determinate" s t a t e 10)
↳ outcome 0 w i t h prob. I

1 w i t h prob. I↳ outcome 0 w i t h prob. I
1 w i t h prob. 0

what happens w h e n w e d o t h i s t w i c e ?

apply 0 2 = 0 0

w e h a v e ✓ = (¥ ¥
⇐ ⇒ ]

from Vl't] - (IE)
,
e t c .

I t , ↳
determines f i r s t column of t



c o n t . ) s o V > = ( I %] ⇒ 02107=10), 02111=-11)

↳ w e get a d e t e rm i n i s t i c a n s w e r f o r 0 2 §

i n c l a s s i c a l probabilistic set t ing :

n o (probabilistic state) → ( d e t e r m i n i s t i c s t a t e )

M (determinist ic s ta te )
g .

= (determinist ic s ta te )

m a t .

s t o c h .

(Iq)1¥'

⇒ M '- permutation m a t r i x

1 4 , , 1 4 2 : s t o c k . m a t w h i c h i s n o t a perm. m a t .

⇒ M , 1 4 2 n o t permutation m a t .



Phase

14) and e io I lu ) i s physically indistinguishable :

I t ) - µ!] u s eio 14) has amplitudes eiox, . . . ,e i0a ,

→ probabilities leitx, 12=12,12,.., lei%12.la,'

b u t 1g) + eiolfi) c a n b e distinguishable f r om

b ) t 14)


