
Approximately c o r r e c t quantum algorithms

( s e c t i o n s 5 . I & 5 . 2 i n t h e m a i n r e f . )

c o i n problem
( E > 0 f i x e d ) w e w a n t t o distinguish t w o c o i n s :

• f a i r c o i n

• b i a s e d c o i n i Plheads] a - I t s , P [ t a i l s ] = L - E

classically : w e c h o o s e o n e o f t h e coins, f l i p i t N D I

t i m e s , r e c o r d t h e n u m b e r of t i m e s w e g o t heads u p

est imate P C heads )

↳ h o w s h o u l d w e choose N ?



t o mode l t h i s i

c o n s i d e r a s t r i n g o f length N , consisting o f

randomly generated 0 ' s ( t a i l s ) w i t h prob. I - E

and E's (heads) w i t h prob. I + E

↳ w a n t t o k n o w t h e l i ke l i hood o f # ( I i s ) = m

f o r different m's
m o r e formally

× ; O E i a n independent r a n d o m va r i ab l es ,

e a c h satisfying PCx i - O) i z - E , P CX i = I ) = { +E

w h a t i s t h e probability d i s t r i b u t i o n o f Yn=€<nXi ?

t h e central l i m i t t h e o r em

1 i n r n n t yn#
expected v a l u e o f X i

n → -
i s t h e s t a n d a rd normal

← v a r i a n c e o f X i d i s t r i b u t i o n



e r r o r s c a l e s l i k e F a i - ¥÷÷÷÷i÷
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T n K¥4 ~ N 1 0 , 1 )I

" t Yuj i ~ N l o , #
OEich

s o w e n e e d n s e t . In = C E t o a c h i e v e a

predetermined certainty
N ~ {a

# b i t s t o c o u n t s u c h ex p e r imen t

* - - - *

m , , , ,

c o u n t s u p t o 2 " - I ↳ n e e d ~ log & b i t s
i n

log, N b i t s t o c o u n t (up t o ) N flips



A n a l m o s t qu a n t um algorithm

°

p r e p a r e t h e s t a t e 10) E € 2
,

f i x a c o i n

> repea t i [controls t h e # o f flips

- w i t h prob. I s t o p t h e experiment

a n d m e a s u r e t h e s t a t e f o r I o ) , 1 1 ) b a s i s

- e l s e , f l i p t h e c o i n ,

i f w e g e t heads ap, apply R e =/'S E - ' "E'] t o

-
s i n s c o s E

the s t a t e o t h e r w i s e apply R - s e = RE't
t h e n c o n t i n u e t o t h e n e x t s t e p .

expected n u m b e r o f f l ips : N

h o w m a n y t i m e s d o w e apply R s IR-e ?



(cont.) i f t h e c o i n i s f a i r , ¥ t i m e s

→ o v e r a l l apply 12¥ DIE = I d t o o u r s t a t e

→ w e obser ve 1 0 ) w i t h h igh probability
( i f E c c l )

i f t h e c o i n i s biased,

µ c ± - E )
= R etypically w e apply Rs"

# + E )

R - e
2 N E

= R>w e '

→ setting N = ¥2 ,
w e a r e typically applying RIG

→ i n i t i a l s t a t e i s moved t o l ' t )

~ , w e o b s e r ve 1 1 ) w i t h high probability
w e only n e ed o n e gubit t o r e c o r d t h e r e s u l t o f

c o i n fl ips m y v e r y space e f f i c i e n t



Distinguishing qu a n t um s t a t e s

suppose w e w a n t t o d e c i d e i f o u r s t a t e i s e i the r

t o > E I N o r I l u ) E I N

r e d u c t i o n t o N - 2 :

c h o o s e a n or thonormal b a s i s l a ; ) ( o f i c N)

s i t . l u i > L I V ) , I u ; ) L All) f o r i 2 2

s o s p a n o f I V ) a n d I m ) = s p a n o f l u o ) and I U , )

t o s e t u p a n experiment '

. c h o o s e a n orthoriormal basis

146) ,
I u ' , ) f r o m t h i s s p a c e ,

~ ) I n ' o ) , 14 ' , ) , 1 4 2 ) , 1 4 3 ) , . - , 1 4N - , ) O N B o f @ N

w e c a n a l s o w o r k w i t h e t h e teal v e c t o r s p a c e

spanned by I u ) a n d 1 i n )



i f w e do m e a s u r e m e n t f o r I v > , l o t > µ[¥oy~
i f t h e s t a t e w a s 1 0 ) : o b s e r v e 1 0 ) surely
i f t h e s t a t e w a s 1W) :

ob s e r ve 1 0 ) w i t h prob. I @ I m > 12 = c o&
ob s e r ve l o t ) w i t h prob. I - I @ 1m s 12 = s i n z o

i f w e d o m e a s u r e m e n t f o r I U ) , I n t ) s i t ,

I u ) + t u t ) points t o t h e b i s e c t o r o f 1 0 ) a n d 1mg

i f t h e s t a t e w a s I v ) µa¥¥¥§¥f÷'
o b s e r v e I u ) w i t h cos' {(E-O) .si#1w, guess that

w e had 1 4
I n t ) w i t h -952in, g u e s s t h a t w e had 1W)

s i m i l a r f o r l w >
p ro b . f o r w r o n g g u e s s



Pa r t i a l m e a s u r e m e n t ( s e c t i o n 5 . 3 )

suppose w e h a v e a t w o -

g ub i t system @2×0 € 2

genet ic s t a t e v e c t o r 147=40051%9%1>
+ 0110>+8111>⇐

107×011)( 1×12 t l pl' t 1812+1812=1)
t h e t w o gubits c a n b e sefarated : s o t w o p a r t i e s

c a n o b s e r v e e a c h b i t separate ly

d o m e a s u r e m e n t o f f i r s t b i t i n b a s i s l o ) , l ' t )

i f w e g e t l o ) ,
t h e s t a t e i s

" ° ) 0%1%3%1 r d second b i t i s {
' ° ) w i t h prob.,¥¥

orthogonal p ro j . of µ ) t o the s p a ,
H ) w i t h prob. ,µ¥¥

o f l o x )
,

t h e n n o r m a l i z e d



Maximally entangled s t a t e : 1 4 ) = ⇐(too) t 1117)
i f t h e m e a s u r e m e n t f o r f i r s t gubit i s 1 0 ) ,

w e k n ow t h a t t h e m e a s u r e m e n t o f second cubit i s to>
S a m e w i t h l ' t >

T o c r e a t e i n te res t ing s t a t e s - - -

s t a r t w i t h 1 00 ) a n d apply g a t e s :

100)
1 0 ) - I T T ' I

go ,

Hadamai i . e . ( I )"
"
( H o t z ) 100 )

0 I 110)

i n i t i a l C N O T I 0 111)
v a l u e

[ N O T

H l o ) = I t ) = ¥40> +11 ) )
⇒ (Hotz) 1007=4101×010) =# ( t o o ) -1110)) corresp. t o (III)



(cont.) s o

1 0 ) - I T T '

yo ,

Hadamai represents
(It
y)

= ⇐( too) +111))

D e f . a n entangled s t a t e i n @2×0 €2 i s a s t a t e

n o t o f t h e f o r m 1/47×0/9) f o r 191,14) E d
( s e p a r a b l e o r product s t a t e )

E x . singlet 1 Be l l pa i r / E I R p a i r .'
E inste in-Podo lsk i -Rosen

1 4 ) = ⇐(too)-1111))
maximally entangled s t a t e .


