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Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

Each subproblem (la, 1b, ..., 4b) carries the same weight. You may use
the results of an earlier subproblem to answer later questions, even if you
have not answered the earlier one.

Problem 1
Let T be the collection of subsets of R that contain the integers Z or are

empty, i.e.
T={UCR|U=0orZcCU}

la
Show that T is a topology.

We now consider R with this topology 7.

1b

Show that K C R is compact if and only if K only contains a finite number
of nonintegers.

1c

Determine all connected subsets of R.

Problem 2

2a

Give the definition of a locally compact topological space.

(Continued on page 2.)
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2b

Let X be a compact Hausdorff space, x € X and ¥ = X \ {z} with the
subspace topology. Let Y* be the one-point compactification of Y. Show
that Y* is homeomorphic to X.

2c
Let S,, C R? be the circle or radius 1/n and center (1/n,0), X the compact
set
o
X=J5Sn
n=1
and Z C R? the subset consisting of all lines {n} x R forn =1,2,---. Show

that the one-point compactification Z* is homeomorphic to X.

Problem 3

Let p: E — B be a covering map such that p~!(b) is finite for all b € B.

3a

Give an example where FE is a path connected compact Hausdorff space and
p is not a homeomorphism. (You can either give an explicit covering map
or provide an appropriate figure.)

3b

Is it possible to find an example as in a) with a simply connected B ? Explain
your answer.

Problem 4

In this problem f : X — Y is a quotient map. The saturation of a set
A C X is the set f~1(f(A4)).

4a

Show that f is a closed map if and only if the saturation of any closed set
A also is closed.

4b

Show that if f is a closed map and X a normal space, then so is Y.

END



