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In these notes we consider how to refine a spline function by adding knots.
To understand this we focus on what happens to a single B-spline when we
add one knot.

1 Refining a spline by inserting a knot

Let us suppose that we start with a spline function
n
s(x) = ZCij,d,t(l'>a T € [tar1, tnsa], (1)
j=1

where, as usual, B, ¢ = B, 4 is the j-th B-spline and d > 0 and n > 1 and
t = (t1,t2, ..., thrar1) is the corresponding non-decreasing knot vector. We
use the notation B; 4+ here to indicate that B;; depends on the knot vector t.

Suppose we now add a new knot z to some knot interval [t,,t,+1), where
d+1 < pu < n, to form the refined knot vector

T = (tl,tQ, e ,tu,z,tu+1, e ,tn+d+1>.

We then ask, how can we represent the same spline function s with respect
to the refined knot vector 77 What we need to do is to find coefficients b;

such that
n+1

s(z) =Y biBjar(x). (2)
j=1
To do this we need to express each B-spline Bj ;¢ as a linear combination

of the B; 4. We need only consider Bj g+ where j = —d, ..., pu, since the
remaining B-splines on t are not affected by the insertion of z.
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Suppose then that ;1 —d < j < p, and consider the support [t;, ;1441
of Bja¢. Only two of the B-splines over the knot vector 7 have support
contained in [t,¢;+q41], namely, B, and Bjiq 4-. Thus, we would expect
to be able to express B ¢ as a linear combination of B; 4, and Bjiq 4r.

2 Refining a B-spline by inserting a knot

We will derive a formula for the refinement of a single B-spline when we add
one knot to the interior of its support. To this end, we will first derive a
corresponding refinement formula for divided differences.

Lemma 1 Consider a divided difference [xg,x1,...,zx]f, in which xo and
xy are distinct, and let z € R. Then

z—x
[z, ..., x| f = O[xo,...,a:k_l,z]f—i—
T — Xo T — o

T — 2

[T1,. .., 2, 2] f. (3)

We note here that we are implicitly assuming that if any of the points
Zo,...,xr and z are not distinct, f has sufficiently many derivatives at the
multiple points for these divided differences to be well-defined.

Proof. We have

[T1, .., 2l f — [T0y .y xpa]f =
([x1, . 21, 2]f — [zoy -y xpalf) + ([w1, -y xk]f = [21, - 20, 2] f)
= (z —xo)[xo, .-y xp_1, 2| f + (& — 2)[x1, ..., Tk, 2] ],

and dividing by 2, — xo gives (3). O

By this lemma we now obtain a formula for the refinement of a B-spline.
Theorem 1 Suppose t; < tjiat1, and let z be any point in [tj,t;ra11]. Then

( 2 —1

—— Bjar(@) + Bjsrar(2), 2 <ty
tiva - t; t
Z — 15 itd —Z
Biag(x) = ——-Bjar(2) + — "B - (2), ti <z <t
tiva — t; , Litd+1 — tjv1
Bjar(z) + —t,ﬁ — —Bjiar(a), z 2 tjia-
j+d+1 j+1

(4)



Proof. By Lemma 1,

Erart = GG, - s Gaanlf = (2 = 0t - s 21

+ (trars — 21, -5 tirars, 211,

and applying this equation to the function f(y) = (- — )% leads to (4) O

3 Algorithm for refining a spline

We now return to the problem posed in Section 1. Using Theorem 1, we can
find the coefficients b; in (2). The algorithm for computing the b; is known
as Boehm’s algorithm.

Theorem 2 The coefficients b; in (2) are

¢ fl<j<p—d
t.+d._»z z—t; . -

b t7 — Gt _Jt,cﬁ fp—dtlsjsp, (5)
j+d J j+d J
¢i1 ifp+1<j<n+l

Proof. We convert the sum in (1) into the form (2) by expressing each B-spline
B; 4 as a linear combination of the B-splines B, ;.. We have B; ¢ = Bjqr
for y=1,...,u—d—1, since z is not in the support of these B-splines, and

SO
pn—d—1 pn—d—1

> ¢iBjas= > ¢Bjar
j=1 j=1

Similarly, Bja+ = Bjy1,4+ for j =p+1,...,n, and so

n n n+1
§ ¢iBjay = § - ¢Bjirar = E  ¢j-1Bjar
Jj=p+1 Jj=p+1 J=p+2



To treat the remaining part of the sum in (1) we use Theorem 2, and find

m
t —z
> ¢Bjax = Cua (Bu—dvd,f(l“) + LBj+1,d,r(9€))

4 Lyt — tu—dy1
j=p—d pt p—d+

p—1

z—1; tivgr1 — 2

+ Y ¢ (—] Bjar (1) + ——— Bj+1,d,r($))
Pl ¥ tira — t; titar1 — tj1

z—1
(o Buael) + Burraro))
ptd T
= ¢y—aByu-aar(T)
& tivg— 2 z—1t;
+ Z <ﬁ0j_1 + t-——]t-Cj) Bj’dﬂ-((l})
jmp—dy1 NIt J J+d T Y

+ cuBys1,a+ (),

which gives us (5).



