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In these notes we define B-splines using divided differences. From this
definition we deduce the smoothness of B-splines, the recursion formula, and
formulas for derivatives. We also deduce a formula for the value of a B-spline
at one of its knots.

1 Divided differences

Let us recall some basic facts about divided differences. The divided dif-
ference of a function f at the points zg, x1, ...,z is the leading coefficient
of the unique polynomial p of degree at most k that interpolates f at these
points. We denote it by [xg, 21, ...,z f and it is said to have k-th order.

1.1 Distinct points

If the x; are distinct, p is the Lagrange polynomial interpolant to f. We
find [xo]f = f(xo). For k > 1, by expressing p as a weighted average of the

interpolants to f over the subsets zg,...,z;_1 and xq,...,xE, we obtain the
recursion
Cfwnwdf = R0 we]f
[$0,$1,...,$k]f— )
Tk — Xo

The first examples are therefore

wolf = flao),  [wosar]f = L) =S (@)

1 — X



flx2)—f(z1)  flz1)—f(=0)
(@0, 71, 7] f = (w1, 22)f — [zo, 21]f _ T T
T2 — Zo To — Tg

From the Lagrange formula for p, we obtain the alternative formula,

(w0, 1, .., 7p] f = Z HJ - (1)

Oxz_

So, for example, we can write the second order case as

f(xo) . f(x1) n f(x2)

(370 - $1)(130 - 1172) (1171 - xo)(ﬂil - 1172) (1172 - xo)(@ - 1171).

[.T(), X1, xQ]f =

1.2 Arbitrary points

If any of the points xg, z1, . . ., x) are equal we understand the interpolant p to
be the Hermite interpolant to f. By this we mean that if z; has multiplicity
m, i.e., x; appears m times in the sequence xg, x1, ..., 2, then p and all its
derivatives up to order m — 1 agree with f at this point z;. This means that
in the special case that all the points are equal, i.e.,

To =T =" = Ty,

then p is the Taylor approximation to f at xy, and so

(k)
[x07"'7xk:]f: l‘o,...,.fof:fk—@
k+1

If only some of the points are equal, then in analogy to the case of distinct
points, the divided difference can be expressed recursively. If x; # x;, we can
use the recursion

I T R o Al T PR N
[xﬂw"axk]f_ )
ill'j — T
where xg,...,Z;,...,xr, means the sequence x, ...,z with the point z; re-

moved. Thus, for example, we find

f(z1)=f(zo0) /
_ [z0, 1] f — [0, T0 f T mi—xo f'(x0)
[0, To, 1] f = a—— = pp— ,
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which is a linear combination of f(xo), f'(x¢), f(x1):

[20, o, 1] f = coof (20) + cor f'(w0) + cr0f(21),
where
-1 -1 1
e C — C = .
In general, it follows from the recursion that for a sequence of distinct

points g, x1, ...,y with multiplicities mg, mq, ..., ms, there are coefficients
¢ir such that

Coo = —
L1 — Zo

k m;—1

(o, @,k f =) e (@), (2)
m my

o i=0 r=0

In other words, the divided difference is a linear combination of f and its
derivatives, where the highest order derivative at x; is the multiplicity of x;
minus 1.

1.3 Leibniz rule

Later, we will make use of a convenient formula, called the Leibniz rule,
for the divided difference of a product of two functions. For the product of
functions f and g, the Leibniz rule is

k

2o, 21, ekl (fg) = > _[wo, .l f [z, wi]g. (3)

=0

It is a generalization of the Leibniz rule for derivatives of a product of func-
tions.

2 B-splines

We can define B-splines as follows. For any integers d > 0 and n > 1, we call
a sequence t = (t1,t2, ..., thyar1), ti € R, a knot vector if t; < t;4;.
For any real number = we write

x, if x>0,
($)+:{

0 otherwise.



For j =1,2...,n, we define the j-th B-spline B; 4 by the formula

Bja(z) = (tjrarr — )t tjsts - - o tjart) (- — 2) L (4)

Here, x is fixed and the divided difference applies to the function

fly)=(y—=)L.

3 Smoothness

Suppose that the knots defining B; 4 have the following multiplicities,

(titints s timar1) = (Tose ooy T0s o v oy Thy o« -5 Tk)
7y Lj+1, y Uj4+d+1 0 5 109 s Tk s Tk )
N—— ——
mo mp
where 1) < 71 < --- < 7. Then we can write B; 4 as

) =BT, . T0, s Thy -, T (7). (5)
mo m

Theorem 1 The B-spline Bjq in (5) has smoothness of order C*™ at 1;,
i=0,1,... k.

Proof. Since
d" d der
dy’"(y_x)—’__ (d_r)'(y’b .ZU)+ )

it follows from (2) that there are coefficients ¢;,, independent of z, such that

k m;—1
d—
Bja(x) = (tjrar — Z Z c” =)y (6)
=0 r=0
Since (1; — :z:)i”", as a function of z, has smoothness C4 "' at 7;, it follows
that B; 4 has smoothness of order Cd=(mi=1)=1 — Cd=mi gf 7. O



4 Recursion

From the divided difference definition of B-splines we obtain the recursion
formula. For this we will make use of the Leibniz rule (3).

Theorem 2 Ford > 1,

r—t; ljitdy1 — T

Bj7d_1(ZL‘) + B

Bj,d(x) = j+1,d—1($)- (7)

tivd — 1 tivdrr — it

Proof. Starting from the definition (4), we use the fact that (- — )% can be
written as the product

(=)l = (=) -

We then apply the divided difference [t;,¢;41, ..., tj1a41] to this product, and
use the Leibniz rule. Since

GG —2) =t;—x, [t tin]( —2) =1,

and [t;,...,t](- —2) =0 for any k > j + 2, we find

[tjs o tiranal( = 2)% = (t = @)ty tra] (= 2)5
+ [tj+1> s 7tj+d+1](' - x)‘j__l, (8)
Since [t t | — [t tidl
t';---,t'd — g1 - oo bjHd+1] — j""7j+d7 9
[ J J+ +1] tj+d+1 — t] ( )

multiplying both sides of (13) by t;14+1 — t; gives

Bja(x) = (t; — ) ([tjs1, - tigara] - — )T = [t tipa] (- — 2) )
+ (tjgasr — ) [tja1s - tjgar) (- — 2) ¢
= (x —t))[tys - tral (- — )5
+ (tjrarr — o) [tjr1, - s tjpas) (- — l‘)i_l,
which, by the definition of B; 41 and Bj;14-1, gives the result. O



5 Derivatives

Theorem 3 Ford > 1,
éd(fﬂ) = d( 2.4 1(:6) _ Zitld 1(33) ) . (10)

bivd =1 tjrar —lin

Proof. Due to the recursion (9), we can express B; 4 in (4) in the form

Bja(x) = [tjs1s- s tramal(- = )¢ = [ty - tipal (- — 2)5 (11)
Differentiating this with respect to x gives
" a() = d([tjgr, - tirar] (- — )T = [ty td (= 2) T,

which, again by the definition of B; ;1 and Bji; 41, yields the result. O

6 Value of a B-spline at a knot

Another useful property of a B-spline is that its value at one of its knots
equals the value there of a B-spline of lower degree, more precisely, of the
B-spline resulting from removing the knot.

Theorem 4 Foranyi=j,7+1,....7+d+1,
B[tj, e 7tj+d+1](ti) - B[tj, e ,tl',l, tiJrl, e 7tj+d+1]<ti)~

Proof. Similar to the proof of the recursion formula, we apply the divided

difference [t;,...,t;1q+1] to the product
(=)} =(—a)(—-2)",
and use the Leibniz rule. However, using the fact that [t;,...,¢;1411] is

symmetric with respect to its points, we are at liberty to order these points
differently before applying the rule. By ordering them so that ¢; goes first,
followed by the rest, the rule gives

[tists, - ticitivns s tjra] (- — x)i
= (ti — @)[tis b, s tica, tigas - tiga] (- — 2)
[ttt b, Gpan] (- — )4 (12)



Therefore, letting x = t;,

ity tittivty - tirarn) (- — )%
= [tj,. . tici, tiga, s tygas) (- — ti)flfl, (13)
and dividing both sides by ;1441 — t; gives the result. O



