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EXERCISE 1

a) Let A be aring, and m C A a maximal ideal. Prove that m is a prime
ideal.

b) Let A be aring, and I C A an ideal. Let p C A be a prime ideal and let
S be the difference set A\ p. Show that the localization S~!(A/I) # 0
if and only if I C p.

EXERCISE 2 Let A be aring and ¢ : A — A a ring homomorphism.

a) Show that B = {z € A|¢(z) =z} is a subring of A.

b) Show that if the composition ¢?(a) = ¢(¢(a)) is the identity map on
A, then each element a € A is the root of a monic polynomial of degree
two in Bz].

EXERCISE 3 Let k be a field, and A the graded ring given by
A = klz,y, 2]/ (xy, xz,yz)
a) Compute the Hilbert polynomial of A. What is the dimension of A?

b) Let m = (x,y,z) be the maximal graded ideal of A. Find an m-
primary ideal in A with the least possible number of generators.

EXERCISE 4  Let A be a Noetherian ring and ¢ : A — A a ring
homomorphism. Prove that if ¢ is surjective, then it is injective as well.

(Continued on page 2.)
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EXERCISE 5

a) Let k be a field. Define a ring homomorphism f : k[x,y] — k[t] by
x — t2, y + t°. Show that this induces an injective homomorphism
A= klz,yl/(2° —y?) — klt].

c) Prove that the integral closure of A is isomorphic to k[t].

b) Let q C k[t] be a non-zero prime ideal. Show that f~!(q) is a non-zero
prime ideal. Prove that dim(A) = 1.
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