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MAT4200 — Commutative
algebra
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Submission deadline
Thursday 12 October 2023, 14:30 in Canvas (canvas.uio.no).

Instructions

Note that you have one attempt to pass the assignment. This means that
there are no second attempts.

You can choose between scanning handwritten notes or typing the solution
directly on a computer (for instance with IXTEX). The assignment must be
submitted as a single PDF file. Scanned pages must be clearly legible. The
submission must contain your name, course and assignment number.

It is expected that you give a clear presentation with all necessary
explanations. Remember to include all relevant plots and figures. All
aids, including collaboration, are allowed, but the submission must be
written by you and reflect your understanding of the subject. If we doubt
that you have understood the content you have handed in, we may request
that you give an oral account.

In exercises where you are asked to write a computer program, you need
to hand in the code along with the rest of the assignment. It is important
that the submitted program contains a trial run, so that it is easy to see
the result of the code.

Application for postponed delivery

If you need to apply for a postponement of the submission deadline due to
illness or other reasons, you have to contact the Student Administration at
the Department of Mathematics (e-mail: studieinfo@math.uio.no) no later
than the same day as the deadline.

All mandatory assignments in this course must be approved in the same
semester, before you are allowed to take the final examination.

Complete guidelines about delivery of mandatory assignments:

uio.no/english/studies/admin/compulsory-activities/mn-math-mandatory.html
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Problem 1. Let A = Z,, the fraction ring of Z with respect to the
multiplicative system {2’ | i > 0}. Prove that A is a finite type Z-algebra
and is not a finite Z-algebra.

Solution: Every element of Zs is of the form a/2i for a € Z and n > 0.
This can be written as

1\
CL(2> CLGZ7ZZO

This shows that Zs is finitely generated (by %) as a Z-algebra. Hence Z, is
a finite type Z-algebra.

To show that Zs is not a finite Z-algebra, assume for a contradiction
that it is. This means that we can find finitely many elements

by by,
2717...ﬁ€

such that every element a/2" € Zy can be written

G/2n = ZCZT
= 2

for some ¢; € Z. Let n = max(n;)+ 1, and consider the element 1/2"*! € Z,.
We can then find ¢; € Z such that

a1~ 2 Cigur

=1

2

Multiplying both sides by 2" gives
k
1= ZCiszn_ni,
i=1

where n — n; > 1 for all 7. The right hand side is even and the left hand
side odd, which gives a contradiction.

Problem 2. Let A be a ring, and let p be a prime ideal such that there
are no prime ideals ¢ C p. Prove that if f € A, is not a unit, then f is
nilpotent.

Solution: The prime ideals of A, are all of the form ¢° with ¢ C p a
prime ideal. Since the only prime ideal contained in p is p, it follows that
the only prime ideal of A, is p®. If f € A, is not a unit, then it must lie in
some maximal ideal. Since p¢ is the unique maximal ideal of A, it follows
that f € p°. But then f lies in the intersection of all the prime ideals of Ay,
which implies that f is nilpotent.



Problem 3. Let k be a field, and let m,n > 1 be integers.
(a) Let f € k[z,y] be given by
f=>ayz'y  ay €k
i,
Give a condition on the coefficients a;; such that f € (2™, y") if and

only if the condition holds.

(b) Let
Il = ($m17ym1)712 = ($m27yn2)

with mq,ny, ma,ny > 1. Consider the four ideals

e 1 +15

o 115

e 1N

o t([y) (the radical of Iy).

Write each of these in the form
(fio--sfa) i € Klz,y).
Solution:
(a) We claim that f € (2™, y") if and only if the following condition holds:
a;; = 0if i <m and j <n.

If the condition holds, we can write

m—1
f=2 2 ax'y + > > aya'y

i>m j>0 i=0 j>n
=z"( Z a(i+m)jl’iyj) +y" Z(Z ai(j-&-n)xiyj)a
,j>0 i=0 j>0

so that f € (2™, y").
On the other hand, if f € (2™, y"), we can find g, h € k[x, y] such that

f=gz" +hy".

It is clear that the x'y’/-coefficient of gz™ is 0 if ¢ < m, and that that
xiy’-coefficient of hy™ is 0 if j < n. Hence the x'y’-coefficient of f,
which equals a;;, vanishes if both ¢ < m and j < n hold.
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(b) As a general comment, since a presentation of ideals via a list generators
is not unique, there are multiple correct answers for each of these.

Iy + I5: We have
[1 + I2 — (xml’ynl) + (xmzjynz) — (xm1’xm2’yn1,yn2).

I115: We have

LI, = (xml ) ynl)@ma ym)

_ mi ,.1m2 mi, N2 m2, ni ni, n2
= (™M™, My My yMy"?)

_ mit+mz ,.mi,nz ,mz,ni ,ni+n2
—(Z’ 7I y 7‘/1“ y 7y )

I; N I We begin by analysing the elements of I; N 5. Since
L={) ayz'y |a;; =0if i <my or j <mny}
and similarly
L= ayz'y’ | a;; =0 if i <my or j < ny},

we see that a polynomial f =3~ a;;2'y lies in I; N I if the following
condition C holds: a;; = 0 if either “s < m; and 7 <n;” or “1 < my
and j < ny”.

We now claim that
Il N [2 _ (xmax(ml,mz)’ xmlyn27 33m2yn1, ymax(nl,nQ))'

To prove the inclusion D, note that each of the elements

max(mi,mz2) max(ni,n2)

mi, n2 ,.ma, N
'y LY T, TY Y

is contained in both I; and I, and so in I; N 5. It follows that the
ideal which they generate is contained in I; N Is.

For the inclusion C, let f = 3" a;;a’y? € I N Iy. If a;; # 0, this means
that condition C above fails, which can happen in 4 ways:

e 1 >my and 7 > mo.

e ¢ >mq and j > ns.

e 7>ny and i > ms.

e j2>ngand j > ny.



In these 4 cases we get, respectively

° xyj c ajmaxmlmz)

xmym)

(

o 2yl € (z™y™)
o 'y € (
(

max(n1, ng))

o 2y € (y
In each case, we find that

max(mi,mz2) ni max(nl,ng))

i, 7 mi, n m
&ijnyE(aj L ly s 2y Y

Since f is a finite sum of such terms a;;x'y’, we get
J g
f c ( max(mi,ma) xmlyng’ xmgyn17ymax(n1,n2))’

which concludes the proof.

t(11) : We have 2™ € Iy, so x € v([1), and similarly y™ € [; implies
y € t([;). Thus (z,y) C t(I;). On the other hand 1 ¢ I; implies
1 & ¢(ly), sot(l1) € (1). Since k[z,y]/(x,y) = k, the ideal (z,y) is
maximal, and so we must have t([;) = (z,y).

Problem 4. Let A be a ring, and let M be an A-module. Prove that for
every m € M there is an injective A-module homomorphism

A/Ann(m) — M.

Solution: Define a homomorphism of A-modules ¢: A — M by
¢(a) = am. The kernel of this map is Ann(m), and so the fundamental
homomorphism theorem says we get an isomorphism A-modules

A/ Ann(m) = im(¢) C M

Problem 5. Let ¢: A — B be a homomorphism of rings, and let M be an
A-module. Prove that if M is flat as an A-module, then Mg = B ®4 M is
flat as a B-module.

We take the following fact as known (see Exercise 2.15 i [AM] for a more
general statement).

Lemma Let M be an A-module, N be a B-module. Then there is an
isomorphism of A-modules

v: (M®sB)®@g N - M®s (B N),



such that
P(mRb)@n)=m®c (ben).

Let now p: N — N be an injective homomorphism of B-modules.
Consider the following diagram, which we can easily verify has commutative
squares.

Mp® N —— M®4(B®s N') —— M®4 N’
deB ®p Jidl\/l ®(idp®p) lid]\/l ®p

Mp@p N ——— M ®4 (Bo®p N) —— M @4 N

<

Now since M is flat as an A-module, the rightmost vertical arrow is an
injective, and since the horizontal lines are isomorphisms, it follows that
the leftmost vertical arrow is injective. Since this holds for all injective
homomorphisms p of B-modules, we have shown that Mg is flat as a B-
module.

Problem 6. For a finitely generated module M over a ring A, define r(A, M)
as the minimal number of generators of M, i.e. the minimal n such that we
can find elements my, ..., m, € M generating M as an A-module.

Let B be a local integral domain with maximal ideal m, and let N be a
finitely generated B-module.

(a) Prove that r(B,N) =r(B/m, N/mN).

(b) Prove that 7(B, N) > r(B, N))-

(¢) Find a pair (B, N) such that r(B, N) # r(B(), N(y)."
Solutions:

(a) If mq,...,m, € N, generate N as a B-module, then their
images generate N/mN as a B/m-module. This shows r(B,N) >
r(B/m, N/mN). For the reverse inequality, Nakayama’s lemma tells
us that if the images of my, ..., m, generate N/mN, then my,...,m,
generate V.

(b) If every element of N can be written as

n
n = Z bini,
=1

! Hint: You can find an example for any B with m # 0, e.g. B = L2)-




then an element n

can be written as

Doy,

5 s
Let B be a local integral domain which is not a field, e.g. B = Z).
Let m C B be the maximal ideal and let N = B/m. Then (B, N) = 1.
We claim that Ny = 0, and show this as follows. Every element of
N has the form b +m for some b € B. Every element of Ny has the

form (b+m)/s for some b € B ans s € B\ {0}. Now take f € m\ {0},
and compute

b+m_f(b+m)_fb+m_£_o
s fs  fs  fs

Since N(g) = 0, we have r(B(), N(g) = 0.




