LECTURE 22 — GRADED RINGS AND HILBERT POLYNOMIALS

Definition. A graded ring is a ring A together with subgroups A; C A for each

i > 0 such that
(o]
a=@a.
i=0

and such that for every i,j > 0, we have
a e Ai,be Aj = ab € Ai+j~

Remark. The condition that A = @;°, A; is equivalent to requiring that for every

a € A, we can write
oo
a= E a; a; €4
i=0

in a unique way (with only finitely many a; # 0).
Example. For any ring A, the ring A[z] is graded, by setting
Alz); = {az’ | a € A} C Alx]
More generally, the ring Az, ..., z,] is graded by setting
feAxy, ...,z
if and only if f is a sum of terms of the form ax® - .- xi» with 3 i) = 4.

Definition. If A is a graded ring and a € A;, we say that a is homogeneous of
degree 1.

Remark. A given ring A may be considered as a graded ring in different ways,
e.g. for k[z,y], we can for instance define a grading by saying 'y’ is homogeneous
of degree i + j, or we can say it is homogeneous of degree 1.

Remark. Since AgAy C Ay and more generally AgA; C A; for every i, we have
that A4g C A is a subring, so A is an Ag-algebra, and every A; is naturally an
Ag-module.

Example. If f € A is a homogeneous element, then B = A/(f) is also a graded
ring, with graded pieces
B = A;/(f)NA,.
It is an easy exercise to check that this defines a valid grading of B, but note that
it is necessary that f is homogeneous.
More generally, if fi,..., f, € A are homogeneous, the ring A/(f1,..., fn) in-
herits a grading from A.

Assumption: We will for the rest of these lectures assume of our graded ring
A that Ay = k is a field, and that A is generated as a k-algebra by homogeneous
elements x1,...,z, of degree 1. In particular, this implies that we have

A2 E[xy,..., 2]/,

for some ideal a = (f1,..., fx), where f; € k[x1,...,x,] are homogeneous elements.
The grading of elements in A is inherited from that in k[xq,...,x,], i.e. in A we
have that ‘ _

axt -z 4 a
is homogeneous of degree Y iy.



Definition. Let A be a graded ring as above. The Hilbert function of A is the
function Ha: N — N given by H4 (i) = dimy(4;).

Example. Consider k[z]. We have k[z],, = {az™ | a € k} for all n, so Hy[,)(n) =1
for all n.

Example. For k[z1,...,z,], we have that a basis for k[xy,...,2,]q as a k-module
is given by elements
x?,_,xzb
with 41 + - - 4+ 4, = n. One can compute the number of such to be
n+d—-1\ (m+d-1)(n+d—-2) --(d)
N (n—1)! ’

ntd—1y _ d"~* i
) = (n—myi+ lower order terms in d.

n—1
which gives Hk[zl,,,.@n](d) = (

Example. Let f € k[z1,...,2,]:, and let A = k[z1,...,2,]/(f). We have a short
exact sequence

0— k[zy,...,2,) i)k[xl,...,xn] — A =0,

which gives short exact sequences

0— K[z, ..., Znldi A klzy,...,zpla = Ag — 0,
and so
dim Ay = dim k[z1, ..., z,]q — dimk[z1, ..., z,]a—-
In particular
n+d—1\ .
ifd<i
Ha(d) = (niﬁl ) ntd—i—1y ;
(n )_.( n—1 )lfdzzl

Note in particular that for d > ¢, we have H4(d) is a polynomial in d, of the form

idn!
—  + lower order terms
(n—2)!
Proposition. Let A be a graded ring as above. There exists a rational polynomial
g and an integer N such that, for n > N, we have Hu(n) = f(n).

Lemma. Let I': N — N be a function. Assume that there is an N > 0 and a
rational polynomial g such that

F(n+1)—F(n)=g(n)

for allm > N. Then there exists a polynomial f, with deg f = degg + 1, such that
F(n) = f(n) for alln > N.

Proof. Let Vg be the space of degree d rational polynomials. We have a Q-linear
map ¢: Vg — Vi1 given by f(z) — f(x + 1) — f(z). The kernel of ¢ is the set
of constant polynomials, and since dim Vz = dim Vz_1 + 1, the map ¢ is surjective.
We can therefore find an f € Vj such that ¢(f) = g, and by adjusting the constant
term of f, we can ensure that f(N) = F(N). By induction on n, starting from N,
we then find that f(n) = F(n) for all n > N. O



Proof of proposition. The proof is by induction on the number of generators of A as
a k-algebra. Assume A is generated by elements x1, ..., z,, homogeneous of degree
1. If 21 is not a O-divisor, we have a short exact sequence
0AZ A A/(x1) =0,

which gives, for each i, a short exact sequence

0— Az i} A¢+1 — (A/(l‘l))lqu — 0.
We thus have

Ha(i+ 1) =Ha(i) + HA/(“)(’L' +1)
or equivalently

HA(Z =+ 1) — HA(Z) = HA/("cl)(Z + 1).
Since A/(z) is generated by the elements xo,--- ,x,, the induction hypothesis
shows that H,/(,,) is eventually a polynomial, and our lemma shows that the same
is then true of Hy4.

If x1 is a O-divisor, the short exact sequence

0— A/Ann(z) B A — Af(x1) = 0
let’s us reduce the claim from A to A/(z1) (handled by induction) and A/ Ann(z)
(where z; is not a O-divisor, so handled above). O

Definition. We call the polynomial which computes the Hilbert function for large
integers the Hilbert polynomial.



