
 
Chapter 1 Algebraic sets

k an algebraically closed field leg 1C QT Ip

AT k affine n space

Defy A closed algebraic set is a subset of
Atn of the form

2 s x cAt I fCxI o V fes

where S is a set of polynomials in Ux Xu

Vote If s fi fr's then

2 s 2 I where I Ifi fr
is theideal guidedbyS



ex k 3 is a PID any ideal is of the
form I fix

2 I 2 f zeroes of fan

closed algebraic subsets ofAll finite subsets ofAI

ez In Af we have the comic sections

y x2 EYE

parabola hyperbola circle

But also finite sets ca.DEtTc om Cx a y b

Union of r points wiAT a product M Mr Chay



EX Plotsofsurfaces inAP

4
Hereweonlyseetheneat
pointsof 247 With

complex

numbers thesolution setsare

actually 4dimensionalcoverIRI



Properties of 2 I

1 IET 2 J E 2 I 2 reverses inclusions

121 2 Itt 2 I n 2 J intersection

37 2 IJ 2 Ind ZlI uZ j union

41 2 I 2 FI Ft fettle'IemeIntor

taking T does not

changeZCI

I XE 2 J fix _oV fEJ fCx7 o V f.CI
XE 2 I

127 XE 2 ITT fCx o for FEI 1J

fan o for f EI and ft's
xt ICI n 2 j



3 IT is genealed by products f g FEI get
If 2 Ij then fIx g o either fG7 o xe 2G uzior gag_o

conversely if HII u76 then fGgag o e HIT also

and 2 reverses

4 ZVI E ZCI cnn.ae I e og
f
inclusions

If xeZCI and f E TI then fNe I
so fix o fax o X E 2 TI also



The ideal of functions vanishing on a set

Given a subset X e Aln we also get an ideal IM
given by

IKI fEKG xn fan o HEX

Properties of ICA

H X E Y ICY E ICx I reverses
inclusions

121 I E Il 2 II fc I fix o txt Ztt
this is a tautological statement

3 2 IK X for Xs 21a for some ideal a
T not true vi general

2 a C IN 4,43 EH Ili 107
2Ca Z 2 IN

XZ 2CIM
c XE 2 ICH holds automatically polynomials

xeX fix 0 for all f e ICX
t
vanisingon X

XE 2 IN



The coordinate wig of X
I f X E IH is an algebraic set we

define

Ally k 1

YI
Intuition

we think of polynomials in kex xn as funchinsATH k

f g c k 1 xn restrict to the same function X k

f g E Il X

i Elements of Atx give the polynomial functions X k



Hilbert's Nullstelleusatz

Assume k is an algebraically closed field and that
a E ki xn is an ideal Then

Il 2 a Ta extremely important

Note this fails over other fields e g k IR
et Rtl C RED has 2Ca 0

Xt IH and It ZCI7 give mutually inverse mappings

dose m sets Initiate

AE b 2 b E 2 a
This bijection trees ins x EY ICY EICH

2la
ideals a cht

algebraic sets

radicalideals I
XEAT

a ra c



Other versions of the Nullstellensatz
Note ICA i

if a is a properidealthen for 117 so Hilbert's Nullstellensatz saysthat 2 a 10

Weak Nullstellensatz WN
again this fails

k k over 11263 for instance

a in 2 a is non empty

Suice any ideal is contained ui a maximal ideal this followsfrom

weak Nullshellensatz II WN 2
k Te

The maximal ideals in the xn are exactly the ideals

M X a Xn an

for a an E K

t's clearthat these are maximal KY XD
nang

k is a field

f m E thx xD is maximal then 2 m 1 0 by WN
F au an E 2 m Ix a xn an EIttlm m

but ly a Xu an is maximal M lx a Xn au
So in fact WN w NZ



WN Nullshellensatz

A E k11 Xn a proper ideal introducing b is known as

2 al z ok the Rabinowitsch trick

IIZlai E Tai
Pick GE IttlaD and consider the ideal

D a Herxn l xn g
E KG Xu

Hi xn.nlAT
2 b I Ha n 2 I xn g I 1H xn n

ite Iii

2 b mustbeempty since g o on 7h Xang

l e b by weak Nullstellensatz

t relation of the form 1 fit
a

1 I fill nxnlhilxi.int h Ct Xm g

set xn Yg and multiply by gN for Now

g E fly xn Hill xn in NY xn

g E ra
T polynomials in

KEX Xi



Weak Nulldelleusatz WN 3
k a field not assumed to be alg closed
m c ka xn maximal ideal

KEY xnYm is a finite field extension of k

L3K finiteexterior

WN 3 WW2 ItemEEE'm

Since k5k in WN2 we musthave kG YmEs k
Lef ai e k bethe imageof xi under this isomorphism

Ix a in ans e bestKEY xn KikiTrym k m

m Lx a xn au by maximality I



Proof of WN3

Lemma ka k finitely generated field extension
which is not finite

a ar E k Klan yan K

Casein kck has transcendence degree 1

F x c K et KH Ek is finite

Let eo en be a basis for K as a WH vectorspace
with eo 1

eiej Cijker for some CijkC Ktx

5 common denominator of all the Cijk EKG

A khitsei C K subalgebra
which is free
over kfis

Express a ar in thebasis ei

aj E dijei dig Eben

t common denominator of the dij's



klan n ar E At E K

If Y.tmku.IT w 4At but clearly a Ek

which isnot
a factor in

s or t

If the transcendence degree is 71 let
K E k be a field over which k has
transcendence degree 1

K t k a yar and hence Kikki ar

EII
This finishes the proof of the implications

WN 3 WW2 WN Nullsfellensatz



Examples
1 comics in AR

X Z q where 9 ao X't a xy azy2
1 box t b y t C

After a linear change of coordinates we have two cases

i of y x2 parabola

Iii of Xy I hyperbola

weneed kik forthis For instance we may write 7
2 5 xtig x ig uv



2 The twisted cubic curve

There is a map All d AP
t It E Es

imageof 4

Claim ICC y E z x3 a

Pick f E ki y t then we can write

f X y Z g x thx y27 lusrig y x3 and z x3
with he a to eliminate y and z

l f f e ICI then f Ct E 23 0 thezeropolynomial in t

o fit 12,137 gal o

g t is the zero polynomial

f e a

claim ok



Hole that ICC is prime It is thekernel
of the surjective map

thx y z I left
x t

y n t

Z 1 7 E3
and taft is an integral domain

Also C is not contained in a plane in AP there

are no linear forms in I X this is probably the origin
oftheadjectivetwisted J

y


