
 

Chapter 4 Projective varieties

projective n space
We define the projective h space as theset

ph AIR o
featuivalence relation

o xn Ho 7xn
Xe k

We let it AY o P denote thequotient map
1pm is given the quotient topology This means that wedefine

V E IP is closed it v is closed in Ant o
Herewehavethe
Zariskitopology



Homogeneous coordinates

For X Ho xn tAtto we let

x Xo Xn c IP
denote the equivalence class of i.e Ex TIX

These are called homogeneous coordinates on IP

So for instance

2 2 0 11 I O 3 4 5 6 8 10 l o 4 o

Note that for a Cao an cAt o

F Ican Hao Ian IE bi

Thus geometrically the points of IP correspond tolies in AI
through the origin

Eid
a

ao
pAT

0 o



Graded rings and homogeneous polynomials

Defn A graded Mig R is a wig of the form
12 10 Rd such that

do
f CRd gere f.ge Rate

For f ER we may write f fo t fit feet
where fi C Ri are the homogeneous components of f

exe The Mig D k 0 xn is graded with

Re E ai in Xo xn I aio in e k
iot tin D

Note that a polynomial Fetsko xn is homogeneous if
F tx tx n td tho Xn d deg F

Equivalently all monomials wi t have the same degree

EI Xf 1 7 XoXXz and xoxz XE are homogenous

Xftx X tx are not homogeneous



We say that an ideal IC R is homogeneous if
it is generated by homogeneous elements

If I and J are homogeneous then so is

I nJ It J IJ TI and TI



Homogenization

If f C k Xo xn is a polynomial ofdegree d there is an

associated homogenization of f with respect toxi given by

fhlxo xn xd fi

exe the homogenization of Xftxf x and x t x

with respect to Xo are xpex xxo2 xo4 xXP
andwith respect to X i xfx xo4txY

If f CKfc Xn we can recover f from the
homogenization fh Wrt Xo by

f fh Xo



The importance of homogeneous polynomials comes

from the following observation

If I Fi Fr c kko xn is a homogeneous ideal then
the zero locus of I

2 I Go WELP I Filxo xn o it yr

is a closed subset of R
Indeed we have

IT 17 117 2 I n o

which is closed in AIN O

These satisfy the following identities

2fats 2 a u 2 b
2 at b 2 a n 2 b

Zx a 2 Fa

Conversely for a subset X c IP we define

IN fetsko in I ffaYTIfeoF ex



Comes

An algebraic set VVC At is called a cone if
Ot VV and xe w Xx EW for all Aek

If W is a cone then the projectivization ofW is

1pct T W o xo ixn.ph lxo xn7EW

For a closed subset X Cpn the cone ofX is

CCX it X v o AT
Two observations

If scklxo.n.in is a set of homogeneous polynomials

then
2 s c HM is a cone

FCtxktd.TK

Conversely if X C At is a cone then Ifx
is homogeneous

f EICK write f fo fit
o f 2x E oldfdlx for all te k since X is a cone

this is the Zero polynomial in X

fi 0 for all i fi c I X IH homogeneous



Prop there is a bijection

comes in AM projective algebraic sets

X Zia X ZtCa

e
or a homogeneous ideal AckGo Xn we have

PC 2 al 2 Ca and Zila 2 a

2Ca is a cone V

Amy cone is of this form v

my projective algebraic set is of the form Z Ca



The irrelevant ideal

Note that the ideal Ho xn defines the empty
Zero set in IP We call this the irrelevant ideal

More generally for a graded ring R Rd
the submodule

R o Rd

is an ideal of R the irrelevant idea of R



Projective Nullstellensatz

i For any projective algebraic set Xcp we have

2 Ian X C easy

Iii For any homogeneous ideal j c kGoi xn
with j f ko Xn we have

Itt IT TJ
This gives an inclusion reversing bivective correspondence

projective homogeneous

algebraic radical ideals in
sets in 1pm kxo xn notequal

X I
to theirrelevantideal

Zp J t J



Proof
it 2 Il X X follows like in the affine case

hit It 2 J TJ clear

E we have

IIZ ilDI ffekcxa.mn
fanhomse s'zo.D

LfekCxo ixns tan III zig o

EE sed
Leeke xnilf.ae F

eEtsTo7ZIsT

o zT LfekCxoi xn I ftp.homf neazscjy
HD is a I ZIT FScone andits
ideal is automatically
homogeneous Tusual Nullstellensatz
The bijections above follows from this 17



Distinguished open sets

we define the distinguished openset Dt xi to be

Dy x x Cxo xn cIP Xi o

x Xo Xi il Xit i xn C IP

If Ai 2 xi 1 CAT o then the map

TIA Ai D Ix

is bijective the inverse is given by
2 Xo i xn T i I Fyi t Ai

t
Xi t 0

Hain idea we want to show that IP is a prevariety
7 the D lxi7 will give us the affinecover

A

Ip At

at Az
Az

Ap



In fact

Prop IT 1A Ai Dixit is a homeomorphism

ITIA is clearly continuous and a bijection
To provethat it is a homeomorphism we need to show

that Itai is closed

Any closed subset 2 E Ai is an intersection of sets of
the form 2 2 f nai f Ekka Xn

no suffices to show Il ZHI n Ai is closed in Dt xi

But I Elf nAi Xo xn.IEPn xi I and

f Xo xn o

exo xnIeP l fin
ow

x o

2 fh n Dt ki
which is closed in D xi Dl

Note that the complement ofDt xi is theclosed subset
2 Xi which is a projective space IP we may
write

pn AT v p



Regular functions on projective varieties

g h E Kiko xn d homogeneous of the same degree d

gltxo it xn tdglxo Xn glxo Xn Ht C k
httXo tx tdhlXo Xn hXo Xn

GCxo Xn

hlxo xn
es a whenal function on pn

This is defined on DtCh Elp

Defn Let X E IP be a projective algebraic set

The structure sheaf Ox is defined by

0 101 f U ok foisaywormmunemom

Galo Xn

halo Xn
where g have homogeneous

p of the same degree

This means For any peu there is an open nbh Vap
so that f 91N on V and h to

for all E V



Elements of 0 10 are called regular functions on V

Ox is a presheaf with fur restriction of
functions

1 emma Ox is a sheaf of k algebras

Note that 0 107 is a k algebra Given f fz C 0 10
we have f fz f fz k f E 0 107 Guice we may

for every PEX frid an open set VEX such that
both fi and fz are of the form 91N

Locality i Ox is a subpresheaf of the sheaf Rx
of continuous k valued functions f U k

i Locality holds for 0 since it holds for Rx

Gluing Given V and Ui as above and elements

v fi E 0 1Vi such that fi fj on Vinu

fi glue to a continuous map

ur f b k

By construction f lui is locally In so

f is an element of 0 101



i Any projective algebraic set X 2 I E 1pm

gives rise to a miged peace X 0 7

We want to show that this is a variety

First X IP

Affine cover IP 17 1 7 u v Din
Let Ai Zhi 1 CAT so Ai TH

The quotient map it At o IP gives the diagram

Ai it Dix Ain o

TIA I fit
Dt Ix pm

prop The projection Ila is an isomorphism ofmigedspaces

The inverse is given by a D Hit Ai

21 0 xn i I

We have already shown that it IA is a homeomorphism

need to check that Iti't f E OA ITI U for

every ft 0134,710
Pick VE U such that flu 91in with g h

homogeneous polynomials of the same degree



Ou Ti V we have

Iif fo it 1w
oi sb
Xo I Xn

G Xo Xml

III IAI
This is regular
Since I U is covered by such I V OK

Wealso need to check that a DCxi7 Ai

Ff E 0 a U for all ft 0 U
17 1 7 Ai

Let VE U be an open so that f 91N there

off fox gl ii i

ht i

are regular on D lxi and h x 0

for all xe V x f also tegular DT

Since closed irreducible subsets of affine varieties
are affine varieties we get also

Pwp X E IP irreducible closed projective set

Vi 17 1 7 NX Cwith Ou_Oxly
is an affine variety



Theorem X E IP irreducible closed projective set

X 0 7 is a variety
we callsuch
varieties

projective

Ringed space V n Varieties

Affine covering X U D Cxi7nX
i o

Just need to check that X satisfies the Hausdorff axiom

Lemnna TheHausdorff axiom holds provided the following condition holds

For anytwo points x ye X there is an affine open
EX containing both x and y

x
X

y
P

n11Vow given x y E X F linear form on Al
1 900 t anXn

Such that 1 7 to
and dly to

x y E Dt 7 which i3 affine

Ok



Global regular functions on projective varieties

For XER a projective variety what are the global regularfunch'm

f X k

Recall If XEAT is an affine variety then the affine
coordinate wiry A X gives us all such functions

ACH is big enough so that it in fact recovers X

On the other hand we will prove

Theorem Let X E IP be a projective variety Then

01 7 be

i Theonly global regularfunctions X k are theconstants

Compare this to Lioville's theorem in complex

analysis

if f CHP Cl is a holomorphic function

f Ie Q E is a bounced holomorphic function

f is constant



Some mutation

SIX Alcan can EAT
Come over Xthehomogeneous coordinatering recall If 11 7 117

This is a graded mig became then ccxtZCIIC.AM

is defined by a homogeneous ideal

ex SCIP kCxo xn

CEIP3 twisted cubic Scc
k 01414,753

ex
xoXz XE XXz Xoks XxD

Regular functions on IP f pn k
Agn O

q f fortt
pin k

f
regular function iT f foil on AT 0

rT f is a 1 in Xo Xn

But iT f is constant on lines through the origin
it must be constant



Prop Opnlpn k

Now to prove the theorem in general

Let f X k be a global regular function

X o y f F
IT

X f k

suppose for simplicity that XElPn so CCX EAT
We let Di UX n Dixit
Each Di is an affine variety with affinecoordinate wig

A Dj S X localization at xi

For each i we may write the restriction ftp.i as
Flp where gi is ahomogeneouslypolynomial of degree ri JTIhasdegree0Xii F gi became

fil
constant

on
Gi E SH ri

the ri th graded piece
hes
those

o

s hXi f e SCH
j

far all heSCX j



Let r E ri i

any monomial Xo Xnan of degree r

must contain one of the variables say Xi
with exponent ai ri

x O Xuan F E Shar Vmonomialxoao xuan

multiplication by F sad sad
leaves the subspace scar uivariant

agley
Hamilton
n
w F satisfies a monic relation

FMt am Fm t n ta f t ao o

where ai Ck

F E KI is algebraic over k n F Ek
Suice k k If

Cor If fix Y is a morphism

If X is projective and Y is affaire

f is constant

Morphisms X 74 with Y affine
k alg homomorphisms OCY 01 7 4

soo all we get is the constant wraps



Cor If X is a variety which is both projective
and affine then X is a point

X affine 7 embedding X AT
X projective that embedding is constant

X B a point

quasiprojective
open subinely

of a projective rarely



Morphisms from guariprojective varieties

suppose we have a continuous map to X Y which fitsinto

a diagram of
puncturedcores

Cfx Colt Coca can o

Ct Y o

quotient Txt thy
map I Y

Lemma If OI is a morphism lot quasiaffinevarieties
then so is 9

Being a morphism is a local property suffices to check that

I D c i is a morphism

Let Ai c Colx bethesubvariety givenby Xi l

Tx Ai Dixit X is an isomorphism

Letp denote

theinverse

Aq
cow

coly pnsmGf
pi z morphism morphism

v

Dixit n X s X 0 y

De Xi T is also a morphism



exe X Ipn
fo fm homogeneous ofdegree d prototype

s t 2 fo fm n X of y
example

morphism X d pm

X 1 3 fok fma

P
ex A projection is a rational map IP 1PM n m

induced from Alki
Mt

Go xn H Xo Xm

e

p is a morphism outside the linear IP me 1pmgivenby
Xo Xm 0

Special case projection from the point co O 1 Elp

p p yo
I

exe Ip
0 gp3

niv i s 43U2re ur v3
2 2 minorsof

c the image of9 ZfI when I
Y Y Y

Consider the projection from OO O

P C Ip3 P2 not definedat u o

Uw 43U2v ur v3 th Wuuv2

µ Uv V2



However the rational map extends over oil c IP bydefining

vi vis cu Uv v2 i The projectionofthe twisted abic
equals the conic 217 xoxo

ip3 in IP

P
92

If we instead project from the point to O I o

this gives
pl p3 1102

Hiv us uh 3

This is in fact a morphism of p 1102

The image is the curve C Z X xfxz CAZ
gp3

P
P2



ex Q 2 XoXz X xz C 1103

projection from p lo O O 1 E Q

O 1103 p2
XXziXz i XoXiXa

Restrict to U 17 1 3 thenbnQCAPu.u.u.is givenby u vw

and Q nu e AR via AT 1 Q CAP
w 1 7 VW v w

The projection is given by
At Q 1103 p2
IVw 7 uw vi w

this is defined on AT49073

f 7hr7 CAT o o o c

l 2Cw c ftp.o
get mapped to co O

respectively

and theprojection is an isomorphism

The remaining points 1 3 0
outside 1 v ez

Q n 21 3 2 Xz XoXz XXz 24 3,4 2

2 x Xz u 2XzXz
2Xing p3 Ip

Xo 0 Xz o 1 2 Xo 0 Xz is an isomorphism

2 X Xz Xo X O O H Xo X o il



i The projection pi Q P2
collapses the two lines 4 21 0,4 to points

lz Uxo Xz
and is an isomorphism outside l lolz

Q and P2 are birational there are mutually

inverse rational maps in both directions more

on this later


