
 
Chapter 5 Segre and Veronese varieties

Defn ol Y X is a closed embedding
1 f

if the image V p Y is closed in X and
G induces an isomorphism pi Y Is V C X

T V has a canonical
varietystructure being
a closed subsetofY

ex The morphism Al AT
t i It E Es

is a closed embedding onto the twistedcubic coat

Being an embedding is a local property on thetargetX

Lemma I f ol Y X is a morphism and
U Ui is a collectionofopens covering Y Then

01 is an embedding ftp.yy.jo wit Ui
is an embedding forall i

to an embedding ftp.qq.yeenbedduig
image is closed and restriction

of isomorphism is isomorphism



Given 4 such that each restriction is an embedding

10 injective V
closed lolz is closed iff 4ft nui closed

11
mi of is a homeomorphism onto fly 419 Ui n Z

Need toshow fol1µg
t is a morphism

v
Let U E l be open and f E 0 U

Need to check that fool 11peu
is regular on 0107

Being regular is a localproperty whey U 4 Cui nU
In that case fool I µo is regular because

41g iwi is an isomorphism so that 4 tow is a morphism
LT



Lemma Assume that q Amm has a

left section which is a projection Y
Tn Ef IfThen 4 is a closed embedding
o X Y is a leftsection
of f Y IX if

suppose o
Mt

Al is the section say
Z Zmn n Zn iZn oof idy

The composition IH 02At 9Al is the identity

4 is bijective onto its image V 411AM

ol V ht is an inverse to lo n g is an embedding

Try useful



Rational normal curves

Affine version

d
lo i AI s Al

t Lt t El

Theimage C is givenby the equations 2 i Zi in d

A left section of 10 is givenby Ald 1 A th 2dL it Zi
lo is an embedding

Projective version
i lo d
p s p

XoX 1 2 GodX x Xd

prop is a closed embedding

Let 4 17 1 1 Then

4 Uo Dt Xo Elp
The restriction ftp.yuo is givenby

All 011mm Ald t It t td
Dixon Dino
Fl I pd

This istheaffine RNC

ftp.cxo is an embedding

A symmetric argument shows that ftp.q is an embedding

These two open sets cover IP lo is an embedding NIU



ex For D 2 this is P 7402 GoX xp Kox X

The image is the conic C 2 Uf uouzdjithneisdnisu.be

ex For d 3 this is P 71109 GoX lxfixox.ixoxfix.rs

The image is thetwistedcubic Z I CIP3where

I Uf Holtz Holtz U Uz UE 4,43

Using thesubstitutions

Ufauouz May write any f Ekka its modulo I as

44213 UUz n

Uf 443 fluoihiuz.kz AlitoUz 1 bluo4374 t ChoUz Uzd d d1

If fe ICG then modulo Ii

fls3s't se23 als 23 bIs 13754 c s3137 st 0

exponents of t mod3 O I 2

us if this is Io then a b c are O

f EI El

d



prop onjpd
If Uo Ud are projective coordinates the ideal of the image
c flip is theideal I generatedby the 2 2 minors
of the matrix zx determinants

Uo Ui Uz Ud I
Ui uz Uz Ud

Note that all the 2 2 minors of
Yod xod x xodexi Xoxit
xodkxodiixie3is xie

are zero Hence I C ICC
2 Requires an algebraic computation similartotheabove

See the notes



The Segre embedding
man I

m n Lm1111ha I
PHP Pmin

Xo Xmxyo yn t s XoYo i Xoy i n Xiyj iXmyn

Write Uij i o m j o n on 1pm
mtn Tlexicographic ordering

rank 1
mini i

The matrix Ho xmitlyo.am IL
has rank El forall Xi yj Ek

7 all the 2 2 minors vanish

the image of 0mm is contained in ZfI
where I is the ideal geneatedby the
2 2 minors of M

0

EX
IP'xip p3
HoX x goy 1 3 XoYo Koy X yo Xy HoiUi UzUz
image 2 Uouz UUz

w



Prop The Segremap 0mm is a closed embedding
The image equals 2 I where I is the ideal ideal1

by the 2 2 minors of M

For OE S E M consider the open sets
o s te n

D lxs x12,1 CRMxp

D B ust c pm
Mtn

Note that o D U
o so suffices to showthat Glp is a closedembedding

We have we AtmxAn and UE AT
coordinates

9ft
coordinates Yi

The corresponding morphism

AMxAI hymn1M
in

SHI I iii
If we set i s we recover byte Wsj

Ust

f we set j t we recover Uit
Ust

i weget a left section Am 4 Atm n

from the twomorphisms xiq if j t
Atm Am YI to o otherwise



Am am u itami

y is a projection o is an embedding

The image equals 2 I
Let ve Z II and suppose wlog that ve 17 1 0

so that v l I n Vo i i Vmn E 2 I

charging orderof rows Icotums of M does not change I
ILet

m denote thematrix M
with my Vij substituted

for theentries chosen sothat you

M
l VOI Voz Von

Yo VoiYo I
l

i lineman
Jetine Xi Vio

Yj Voj 3 XiYj VioYj
v is in the imageof 0

In fact the minors generate all the relations so

Ilp p I



Cor The product of two projectivevarieties is projective
M

Xy Ipn Xx Y pmxp is a closedsubset

Xx Y 1PMxp is a closed subvariety

XxY 1pm1pm pm
men

is a closedembedding so XxY is projective

stellar



A Nullsfellensatz for PHP zi.gwaam.ge
Let R Heo xmiyo yn
R has a bigrading given by oleg xi Go

deg yj Co 1

We say FCR is bihomogeneous if FE Rab for some ab
This is S Flex ty Satb fCxy

If A is a bihomogeneous ideal we get an
algebraic set

2 a E lpmxl.ph

Conversely for any subset X 4PMxp we

get an ideal in 12

IN fer l tanbihoomom.IE
Note The ideals

My Xo Xm

ht Yo yn
both define the empty set
we call them the irrelevant ideals of R



Nullshellensatz for Pmxpn
The assignments

A Z a

2 Itt

give a 1 1 correspondence

closed algebraic
subsets of pipa

inaudisdbaiheonrogeneous

notcontaining m nn

ex the polynomial F no X UiKo defines a

closed algebraic set ZeekIPxlPZ
aou xoxixa the blowupox 4Xo prime 2 f is irreducible ofplatcoOp

Can also verify this locally In the no i chart we have

F n 17 1 07 isomorphic to the affine hypersurface

2 Xi u CAR
X u Xo is irreducible ok

Sameholds by symmetry in the net chart 2 F irreducible

Moreover 2 IFI has dimension 2 as 2 X u Xo EAT
has dimension 2



TheVeronese embedding
d o n N N Md

Io P s p d l l
Xo Xn l t Xo xnin

iot tin d
4 all monomials
of degree dd t 1 in lexicographic orderex n 4 pl p

koX 7 Hod X x i xd

This is exactly the rational normal curve which we knowis an embedding

ex n d 2

p2 4 p5
Ho X X2 Xf XoXi Xoxo Xf X Xz X

the image is the Veronese surface



Notation
R k xo in with theusual grading
I theset of multiindexes I Cao an

sit E ai d and ai o Ntl ofthese

IE I 7 monomial MI xo Xnan of degree d
and a homogeneous coordinate UI on RN

AN11 affine space with underlying k vectorSpace Rd
For F E Rd can express F Eat MI

g Ip PN
x 1 2 MICH

01 is well defined all m have thesamedegree

of is a morphism the mI donot simultaneously vanish anywhere



Prop the Veronese morphism to p p
is a closed embedding

Consider U 12 1 7 C P
Here the morphism is µ

all monomials

At Dtlm a.o
aAt 1 of degrees d

ft Zn 3 Zi Zz Zn Zf ZZz 2nd

this is an embedding because projection onto the first
n coordinates gives a left section

By symmetry this holds also for thesubsets Dt Mco a o
These form an open coven of 011AM DONE II

Prop The homogeneous ideal of the image X of the
Veronese embedding is generated by the quadrics

MIMj MkM L
for all multiuidices 1J K L s t I J K 1L

For theproof see the Notes



Cor Let fKo Xn be a non zero homogeneous

polynomial Then

Dtcf IP Ziff
know this is oh

is an affine variety
when degree fu

Let D deg f and consider the Veronese embedding

p pla9 1

If f E AI Mz C Kao xn then

Zff of 214 where L Eat UI
is a incr polynomial in uI

Note that IP
N
2 L 212,14 EH is affine

We have
D f P 2 f of IP 2 Ll

so Delft is also attire D



or X EIP a subvariety which is not a point
I f f f kGo xn is homogeneous 4 or more geneally

algebraicset
then 2 ft n X tt

f Ifl n X 0 then projective varieties

ofpositivedimensionX E DtCf
Hence X is a closed subvariety of

intersect
anyhyperswrta

an affinevariety X is itself affine
However if X is both affine and projective then it is a point 17

A
Notethat this
is not true for It

m projective
varieties

are better



Comics and the Veronese surface

Recall that a conic is a curve cc IP definedby
a quadratic form in Xo 41 2

Of 900021 doKok t AozXoXz t ai X 1 azXXzt9zzXz

Let 1ps denote the projective space with homogeneous coordinates

woo UMHoz Uh U z l U22

We may then view P5 as the variety parameterizing comics

That is a point doo Aa 9oz a a z Azz cIPT corresponds to

the comic and the correspondence is clearly 1 1 if
we note that scaling 1 7 does not change c

te that some G's above give degenerate conics i.e

1 A double line laoxotaX 19225
z A union of twolines aoxoi qq azxzllboxotbixibz.ie

smooth con Z l



Thesetwo give rise to subvarieties of thePJ

G Note that
laoxotqxitazxzf afxf 2aoqxoxy 2a.azXoXz 1 af xp

Za az X Xz 1 AEXE
Hence the subvariety of 1105 corresponding to comics l

is parameterized by
Ipa 0 p5
Cao q and 1 1 af oar 2aoaz af Za az a

Up to a linear change of variables this is exactly
the Veronese surface this requires chark z

i The Veronese surface is the algebraic variety
which parameterizes double lines in IP



2 The comics which are unions of lines are determinedby

aoxota x cazXz boxotbix biz aobo Xo2 t aob t aibo Xox

aobztazbo7XoXzt la b 7 7
1 a bztazbdxixz lazb.pe x

We thus consider the map
p2 p2 1ps
a x b laobo aobitaboi i azbz

The image is a cubic hypersurface 11 2 1F Cps
Koo Uol 4ozare

F det Lii Yi Y

Note that X contains the Veronese surface VCR

In fact the two are very closely related

X is singular and V sing X moreon this
later

V is given by the 2 2 minors of the
3 3 matrix defining X

X is the secantvariety of V
In other words

X U Lpg
ptgEV I
Lpg linethrough

V

pandof



The geometry of spaces of polynomials
d

Let IP projective space on the vector space
with basis l X xd

Cao ad cPd aot a X t 1 adXD moduloscalars

1 a partition of d i.e 1 17 Ir Shi d

Vy pix p has r roofs x xr withmultiplickest tr

This is the image of the multiplication map
P'x xp pd
ui.mx x curium 1 1 u X147 furxxvrfr

Hence Vx is irreducible Vy is a projectivevariety

Degree 2

Got a Xt ask a Lao a az ElP2

not a X Cao a O a p C 1102

aot a X t a XZ has a repealed roof ae 2 af Ya.az

1172 L Vlad linear polynomials

l O O

iconstants in
polynomials with
a repealedroot

c 2 ai4am



Degree 3

pack ax'tbx't ex d p ca b c d c 1103

pox has a repealed roof the discriminant

Aia Yaza Ya ao

y
27 a af 18 Aoa Azaz O

3

Val

PCN has a triple root pCx7 ex 1dB for c dek

ae Es 3Ed 3cd2 d3

a lies on thetwisted cubic C
G 2 I

I 2 2 minors of
340 4 Uz
4 Uz343



Degree 4
PCH aXY bx3 cx2 dx e Cab c D e Ep

We have 4 partitions of 4 expected dimension

I I 11 all roots districts 4
21 double root 3
22 double roofs 2

31 triple roof7 2

4 quadruple root I
121
pen has a double root pcxi luxtvflwzxtw.itWo

XY uZwz t u2w t2uvwz x3
U2wot Zurw t VZwz x2

2mVWo t v w X 1 Two

p lies on the image of
Z

P XP p4
iU7xlwoiuy.wz H Ww2 UZw 1 2uvwz

pe 2117 where

D 256a3e3 192a2bdeZ t

huge polynomial



31
ex has a triple root put luxtuplwixtwo

p lies on the imageof
P'xp P

lUiv7xlwj.ug1i 7 3wiiw3wot3uZw1i.s

pre 2 of c

p 12 ae 3bd CZ

c 27 add 127 ble 27 bdc 803

22

Xx has two repeated roots pan nextnotchXtvo
x UTF t X32u vov ZhouVf
X2ufvf 4nowVov t Ufuf

1 X 2 442 24 4 t ufuf

p is in the image of
PHP 1p4

lui.mxvo41i ilui2y2i

pe 2117
I ideal of 5 cubics



Rink 2CI is the projected Veronese surface in Ip4

Vy
par has a quadruple roof pe Va Cy nthermametionalwae

ofdegree 4

p4 V 7 2

Vy2,111

v3 I


