
 

Chapter 9 Curves

Defn A curve is a variety of dimension 1

If PEX is a point then A Ox p is

a local wig of dimension 1

Lemma Let Him be a local wigofdim 1 TF AE

111 Themaximal ideal m is principal

127 A is a PID and all ideals are powers of M

137 A is integrally closed in K KIA

a z Let m x and let AE A be an ideal

n a E m since A is local

Krull's intersection theorem mi o

pick n such that a e m r act m
Pick CXnE A such that Em us

cof M c is a unit A is local



xn E a a xn

2 137 PID VFD integrally closed

137 1 i suppose It is integrally closed in K HA

Pick any element Em

A noetherian 1 dim t 3 ye A x

such that x g m

yx me A

claim yxt m A
If not y x m m

m f g faithful A module yx integral
over A

YE E A LA integrally closed

ye 1 7

contradicting the assumption on y
claim ok I



Discrete valuation rings
A wig satisfying I GI is also a discrete valuationwig
Deth For a local

wig Aml as above we call to A

a uniformizing parameter if m Ct

Anyelement AEA can be written uniquely as
n

a c t

where ce A m Ax is a unit and n EZ

the same is true forelements in K KCA

we get a function order of
V K 21 vanishing

a n
along to

Note that was o if and only if at A



Detn A function v A o Z is called a

discrete valuation if

i vlf g
v Cfl vlog

Z v fig 7 min Vlf vlog

with if VH1 vlog

We sometimes define V O A

A ring A admitting a discrete valuation is

called a discrete valuation ning DVR

ex A KAILA
t is the uniformizing parameter

f unique ns.t f CCH t
C O to

f c t

g d em vlf.gl Vledt mtn Towlerof
MDW Hft g Vet'tdem n vanishing at



ex

similarly each A kEth ay is a DVR

via vlf ns.tf cltl.tn

ex xp El ptb
v i Xp o 21

Ib h largest power k s t fk l a

ex X a curve

PEX a non singular point

A Ox p is a regular local ring
A is a DVR

system of parameters us Funiformizer te m

V Q p
o 21

f x th te n

a e O
Yp



The Extension Lemma

Rationalmapsfrom non singular curves extend to morphisms

Lemma X a curve

PEX a non singular point

X p IP a morphism

3 unique morphism I 1pm

Fix P y
extending

First reduce to the case when X is affine

If u ex contains p and glop extends to µ U IP

then 4 and to agree on U p glueto a

morphism to X IP

Xo Xn coordinates on IP

may assume that flu p meets D 12,1 0

V f D non empty open in X



and G V D AT

is given by n national functions fi Ii
gowhich are regular on V A

choose a Connom

OI n 11 go foreach i
Consider X At

X go g gn

want to define 0T using OI
s want to show that OI p 1 19 10

If so we get an extension of Io by
X AT o

X tpn

Let t be the unifomizer of Oxp
viewed

as a rational function

gi aft t where 4HEGp does not
vanish at p



v min Vo Vn

Hi vi v o and at least are Yi o

replace each gi by git Hat
V

the gi do not all vanish at p

get a morphism OT IToff as above

10

ex X Z y2 E E
p 0,07 Singular

X At
IX yl t

is a rational map with no extension X All
Over 1C two branches at p1903

II I x I Eino Fei

Fifo lui Txt I
conntuous



The Extension Theorems

Them X a curve

PEX non singular point
Y a projective variety

any rational map to X Y
extends to a morphism near p

Y C 1PM to X Y 1PM

extends to To X 1PM atp
and Icp E Y s nice 4 is closed



Thin X Y projective non singular curves

X and Y are birational X I Y

Given X Y
u v isomorphism
u to V with inverse Y

X Y non singular projective implies that

10 and y extend to morphisms on

X and Y respectively

we have golf id

40 0 ice

on an open set holds everywhere

by Hausdorff axiom

of isomophism

II



ex This fails for singular caves
C 2 xp X iz is birational top

but not isomorphic need non singular

ex AI and P ane birational but
not isomorphic need projective also

ex P'xp and P2 are non singular t projective

They are birational but not isomorphic

only works in dim 1

I
P



Desuigularizations of curves HN

Given a curve X want to construct IT
a non singular cure
birational morphism
a X

Lemma A f g k algebra which is an
integral domain K KIA
For any finite field extension 4k A B

I t
B integral closure of A in L K G L

is a finite A module

In particular It integral closure of A ink
is finite over A

A
kGiY zyz

I kCt3t3 has A lefty

A A At



X an affine variety
Be integral closure of Atx in KIX
is a f g k algebra

7 affine rarely I s t Alk B

AME B induces I X
which is finite since B is fute AIX

These have the same function field
it is also birational

Pwp Any affine rarely X has a normalization

This means I is normal Oyp
Normale bPEI

T I X is finite birational



Universal propertyof normalization Anymorphism o Y X
from a normal variety factors as

Y I
11T

For curves we have more generally

Tum Let X be a quasi projective came

X has a normalization

Step 1 X has an affine cover with two affuies

X Elp choose a hyperplane h not conking t

n X n h is finite
choose hz avoiding this finite set

X is covered by Ui Dith Int and Uz Delhi
X

step2 Pick an affine open U E U
n Uz

s t every PE U is non singular



Step3 Construct normalizations

V J U G Vz
f Liz

U Z U E Vz

Step4 blue V and Vz along U

N
V p

vz IPN
some projective embedding

W VT wz Iz projective cues

wehave

V W
U

U timal map

Vz Wz

get morphisms V Wz bythe
extension

1oz Vz Wi theorem



morphisms V W xwz ix 19

graphsof 0 and E
Vz W XWz

these
agree on U E V n Vz and I _I Iz in W

Now define I V v Vz C W

Vi Vz both normal

Vi Vz cover IT
F birational to X V

H T2 agree on U glue to a morphism
7 X

I

Note F C W W XWz is quasi projective suice W is

In fact analysing the above proof shows that

prop If X is projective then so is IT

we have ICI VI
left T I I bethe normalization of TY

i



Tv induces a rational map T X

T non singular X projective this extends

to a morphism 4 T IX

factors gas
T X

Tutu ttx
by universal propertyx

i X I is surjective

xxvi I



Runk One can also find 5 via blowups

e g if X C IP is a plane cure

ex X Zhi YE cp2 n I strict transform oft
under it PdpIP P

E n E IIx

fx



The fundamental theorem for curves

hm Given a field k of trdegaK I

F non singular projective cave X

unique up to unique isomorphism

s.t KIX K

Field theory i can find an

xeks.tkis finite separable over klx

F f Ek s t K Half

and f satisfies an irreducible polynomial

Y t acxly 1 901 7 0

Y
This is the equation of a plane cane possibly singular

with klXl K

Now take the projective closure T E IP

and let X normalization of F
Then X is nonsingular projective and KIK KY k



This means that there is an equivalence of categories

nm

smivwcunesxmfi.mil

yaps
a

fields k of tag
dominant bodyYYhms



2ational curves
A curve X is rational if it is birational to P

kN a kit

is the only non singular curve in its birational equivalence class

Then Liiroth If L c htt is a subfield of trdeg
then F X EL such that L Ktx

Geometric meaning If IP C is a dominant

rational map then C is alsorational



Irrationality of some cubic curves

thru the curve C 2 y2 Xcx 111 1 F xanax

is not rational O L
211T

Let 1 KCC k x y 47 4 171 1

we need to show that L KCH

Steph
Claim For a valuation vi L 221

VH1 is even

1 VH1 o o
y Xcx 1 Xtc

2 VIX 70 Vfx 1 Min VX VA VA o

X117 111 0

2 vCy7 van 4 7 even

3 VCH co VC x l union VA VA VH1
X 117 Cx

Zucy 3 Cx van even



3 x is not a square in L

If x Catby
2

in L 1,4 basis for

X a2izabyybzy.az
L as a K vedusp

AZ Zabyt BZ Xcx 171 17
Char 12

either a o X BZ Xcx 171 1 I
or b o x AZ is a square in KCH II

IT X is not a square ni since VIX
where v ordo

Il CX ICxH Xcx Nxt BZ is a square

but v XZ 1 l where v Ord

Claim 0k

Step In GCH any element f which
has v f even V v Ect K is a squire

f TCE.aeniITCtbi7mi
Consider ordaff and oralgolf If there are



even ther ni and Mi are all even

f is a square

This completes the pivot T

In fact the same argument works for

any curve of the form

yZ pCx7

where pix Ix aux b x d is a separable cub

i all elliptic curves are irrational


