ProBLEM 3.10 The x-axis minus the origin is a closed and irreducible subset
Z of A%\{(0,0)}. Exhibit regular functions on Z that are not restrictions of
regular functions on A%\{(0,0)}. This illustrates why the definition of O is
delicate; functions can locally be extended to ambient space without being
globally extendable. HINT: Regular functions on then punctured affine plane
A%\{(0,0)} are polynomials (see Example 3.6 on page 46). *
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ProBLEM 3.11 Let X be a variety and let Y < X be a closed irreducible subset.
For any open U< X, let Zy(U) be the subset of regular functions on U that
vanish on Y n U. Show that Z\(U) is an ideal in Ox(U). Show that if V< U are
two open sets, then pyy takes Zy(U) into Zy (V). Show that Zy is a sheaf (of
abelian groups, in fact of rings without unit element). *
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3.23 (Rational cusp.) Consider the curve C in A? whose equation is _1/2 ~ x>, Show
that C can be parametrized by the map ¢: A! — A? defined as ¢(t) = (12, 3).
Describe the map ¢*: A(C) — A(fAl). Show that ¢ is bijective but not an
isomorphism. Show that the function field of C equals k().
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3.24 (Rational node.) In this exercise we let C be the curve in A% whose equation
is yz — x*(x + 1). Define a map ¢: Al - A? by ¢(t) = (t2 —1,t(t> — 1)). Show
that ¢(A!) = C, and describe the map ¢*: A(C) — A(A!). Show that ¢ is not
an isomorphism, but induces an isomorphism A\ {+1} — C'\{0}. Show that the
function field of C equals k().
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3.25 Let C be one of the curves from the two previous exercises. Show that,
except for finitely many, every line through the origin intersects C in exactly one
other point. What are the exceptional lines in the two cases? Use this to give a
geometric interpretation of the parametrizations in the previous exercises.
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4.4 Show that two different lines in IP?> meet in exactly one point.

4.5 Show that n hyperplanes in P always have a common point of intersection.
Show that n general hyperplanes meet in exactly one point.
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