PROBLEM 4.12 Given an open U < X and a continuous function f: U — Al. Let
Co(U) be punctured cone over U and denote by ri;: Co(U) — U the (restriction
of the) projection. Show that f is regular if and only if the composition f o 77 is
regular on Cy(U). W
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PrROBLEM 4.13 Let S be a graded ring. Show that the set T consisting of the
homogeneous elements in S is a multiplicative system and that the localization
St is a graded ring. Show St is an integral domain when § is, and in that case
the homogeneous piece of degree zero (St)p is a field. w*
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ProBLEM 4.14 LetS = k[xp, x1] and let T be the multiplicative system T = { x; |
i € N }. Show that the homogeneous piece (S7)y of degree zero of St equals
k[xox;']. Show furthermore that the decomposition of S into homogeneous
pieces is given as

S = @ klxox7 ] - xi.
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4.16 Let the projection IP? to IP? be given as (x : y : z : w) — (x : x + 2 :
w + y). Determine the centre and describe the projection of the twisted cubic
parametrized as (u : v) — (u? : u?v : uv? : v*). HiNT: The key words is "rational
node" (see Problem 3.23 on page 60).
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4.18 Describe (by giving an equation) the image of the rational normal quartic

under the projection IP* — — + P2 that forgets the third and the forth coordinate.
Accomplish the same task but with the projection that forgets the second and
the forth coordinate.
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4.19 Let C; be the rational normal curve in IPY whose parametrization is
¢Pq(u:v) = (wh:ut o w1 o).

Let 7r: P%\{g} — IP?~! be the projection with centre g = (0:0:...:0:1). Prove
that g € C; and that the closure in P91 of m(Ci\{q}) is equal to Cj_1.
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5.3 Being a closed embedding is a not a local property on the source. Consider
the map ¢: Al — A? given as ¢p(t) = (2 — 1,t(t> — 1)).

a) Show that ¢ is a closed map, but not a closed embedding.

b) Exhibit an open covering {U;} of A such each restriction ¢y, is a closed
embedding into some open subset V; of A2
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5.4 Assume that the ground field k is of positive characteristic 2. Show that the

morphism P! — P2 that sends (xo : x1) to (x : x3x3 : x]) is a closed map which
is a homeomorphism onto its image, but which is not a closed embedding.
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