1.1 Let X be the set with two elements with the discrete topology. Find a

prcshcaf on X which is not a sheaf.
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1.2 In the notation of Example 1.6, the differential operator gives a map of
sheaves D: &x — O, where as previously X < C is an open set. Show that the
assignment

d(U)={feOx(U)|Df =0}

defines a subsheaf </ of @x. Show that if U is a connected open subset of X,
one has &/(U) = C. In general for a not necessarily connected set U, show
that </ (U) = [],,u C where the product is taken over the set 7ol of connected
components of U.



1.3 Consider the sheaf C(X,R) from Example 1.5 and the subpresheaf F,
defined by setting F(U) = Cy(U, R), the group of bounded continuous functions.
Show that F is not a sheaf. What is the saturation of F in C(X,R)?
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W S
1.5 Let Gjjcj be a directed system of abelian groups with maps f;;. The projective
limit of {G;};.; has an explicit construction as the subset of the product [[,.; G;
consisting of ‘sequences” (x;) such that x; = f;;(x;) for all pairs i,j € I. In other
words,
lim G; = {(&)ie1 | X = fiy(xi)Vi,je} = | [ Gi

:) Lo iel

Show this.
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1.10 Exhibit a directed system in the category sets of finite sets that does not
have a direct limit in sets.
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Exercise 1.11 Check that (Ker ¢), = Ker(¢, ) for a morphism of abelian sheaves
¢:F —QG. *
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DEFINITION 1.47 A Z-presheaf F consists of the following data: ﬂ; be. S ic
i) For each U € A, an abelian group F(U);
ii) Forall U < V, with U,V € A, a restriction map pyv: F(U) — F(V).

As before, these are required to satisfy the relations pyu = id () and pwu = pvu ©

pwy. A B-sheaf is a B-presheaf satisfying the Locality and Gluing axioms for open
sets in A.

Since the intersections V n V' of two sets V, V' € Z need not lie in .4, we need
to clarify what we mean in the Gluing axiom. Given a covering of U € %4 by
subsets U; € # and a covering {U;;c} of U; n U;: If s; € Fo(U;) are sections such
that si|u,, = sjlu,,, then the s; should glue to an element in s € Fo(U).

ProrosITioN 1.52 Let X be a topological space and let 2 be a basis for the topology
on X. Then

i) Every 2-sheaf F extends uniquely to a sheaf F on X.

i) If ¢ : Fo — Go is a morphism of Z-sheaves, then ¢ extends uniquely to a
morphism ¢ : F — G between the corresponding sheaves.

iii) The stalk of the extended sheaf F at a point x equals lim Fo(U).
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Inverse limits

We can similarly define the inverse limit (also called the projective limit or just the
limit) of a directed system {M;}. The definition is the same as above, just with
the arrows reversed. More precisely, we are given a collection of A-modules M;,
indexed by a directed ordered set I. Moreover, for every pair i, j from I with
I < j, we are given an A-linear map ¢;;: M; — M; which satisfy the conditions:

Q dijoPix = Piks
Q¢ = idM!..

The inverse limit lim M; is then a module together with universal maps ¢;: lim M; —
M; satisfying ¢; = ¢; o ¢;;. That is, for any other module N together with maps

it N — M; such that ¢; = ¢;; o ; there is a unique A-linear map #: N — lim M;
such that ¢; = ¢; o .

PROPOSITION 1.20 Every directed inverse system of modules has a limit.

Proor: Consider the product [ [; M; and define a submodule by
L = {(x;) | xi = ¢ij(x;) for all pairs i,j withi < j },

The projections induce maps to ¢;: L — M;, and we claim that L together
with these maps constitute the inverse image of the system. A family of maps
pi: N — M; defines map 1: N — [[. M; by x — (¢;(x)) which takes values in
L when the ;s satisfying the compatibility constraints ; = ¢;; o ¢;. It is clearly
unique, and that gives the desired universal property. 4
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Proor: For clarity, let us denote pY,,, : Fo(U) — Fo(V) the restriction map over
subsets V, V' e Zwith V o V',

For any open set U ¢ X, we define F(U) to be the inverse limit of the Fy(V),
where V runs over the basis of open subsets contained in U. More precisely,

FUu) = lm FR(V) F(o) = % (V)

Vez UoDV U Q g

= {(sv) C l—[ Fo(V) | pYw(sv) =swforal We VU, V,We %
AavVcl

?

—

Note that when U o V and V € 4, we have a canonical map
myy - ]:(U) - .Fo(V)

induced by the projection [ [iy_i; wes Fo(W) — Fo(V) onto the “V-th” factor.
These commute with the restriction maps pi,,,, for V, V' € 2 in the sense that
o3 o muy = myys forall V/ < V < U with V, V' € 2. In particular, we see that
there is a canonical isomorphism 7tyy : F(V) — Fy(V) for every V € A.

The projections [ [ ,.ycy Fo(V) = [ [ sy Fo(V) furthermore induce, for
each U > U’, a morphism

puw : F(U) — F(U).

By construction, this has the property that py;;» = pyru» © puwr for each chain of
opens U > U’ > U”. This means that F is a presheaf on X which extends Fj.
We note that iii) follows immediately, since we may compute the inverse limit
using subsets of Z. Checking that the sheaf axioms and that F is unique is left
as exercises (Exercises 1.18 and 1.19).

For ii): ¢ : Fo — Gp being a map of #-sheaves, amounts to saying that the
following diagram commutes for each V > V' in %:

F(vV) — s g(v)

! |

F(V') —"— g(V)

Taking the inverse limit over all subsets V contained in U, we obtain a natural
map
FU)= lm F(V)— lim Go(V)=g(U)
Vez#, Vcl Vez Vcl
which extends ¢p. Again this must be unique, as it is completely determined by
¢po on stalks. a



ExERCISE 1.18 Prove that the extension sheaf F constructed above satisfies the
two sheaf axioms. *






- Exercise 1.19 Prove that the extended sheaf F is unique.



ExERCISE 1.19 Verify the point (iii) above, that is, show that F ~ lim F(U).
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Exercise 1.20 Verify the point (ii) above, that is, show that a morphism of
A-sheaves ¢ : F — G has a unique extension to a map of sheaves. *



