Exercise 2.1 Let ac A be an ideal. Show that v/a = (1), p. Hint: If f ¢ /a the
ideal aAy is a proper ideal in the localization Ay, hence contained in a maximal

ideal. e
%Gﬁ =) «gﬂé oL &N mAe M o0

=) {" £ F %\r Wé& 'F'Dok.

= fe p e oMl § P

=) Re P{)p
?\AW banlek ve A — /435 /o{a.,‘,&&m,,%/
P o A g Propok 1/
( _,_.fiﬂb ae o
;?f\
- o, )
= 3 whaudl d w A g
St aeale— A (? = e a



Exercise 2.2 Show that D(f) = ¥ if and only if f is nilpotent. HINT: Use that
V (O) - mpeSpecA p. *
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2.12 (Direct products of rings) Assume that ey, ..., e, is a complete set of orthogo-
nal idempotents in the ring A, meaning that one has 1 = ey +e2 + - - - + ¢,, that
eiej = 0 when i # j, and that ¢? = ¢;. Such a set of idempotents corresponds
to a decomposition of A as the direct product A = Ay x Ay x ... x A, where
A;j=eAfori=1,...,r (each A; is a subring of A with unit element ¢;).
a) Let a be an ideal in A and let a; = ae;. Show that g; is an ideal in A; and that
a=mq +ax+---+a,.
b) Show that a is a prime ideal if and only a; = A; for all but one index iy and
a;, is a prime ideal in A;,.
c) Show that Spec A is not connected: It holds that Spec A = [ J; Spec A;, the
union being disjoint and each Spec A; being open and closed in Spec A.

L =ag s owe il

Xe, yq € ae, =  K&tyg = (x+y)¢ s e
g @) (o) = Cry) ¢ Feouf
xe € ae |
QG € og = @_'@D(xq) = ()¢ & a¢q = idbal
a-'Zdl’f“*Pdr oK.
C;'“ XE t‘i= Alﬁ-~‘f~A(. =7 X = Xel+xe'2+-~'+)<€(

YN v Ve
ed eh, e A,

P;o C Af S fn‘M fwr‘ﬂf \/
(v %) (bey) = (@b)e;, € Po

=) a a-r\o = k
it ?ﬂh‘o,“*w gty €p €p 0

e e =o o e (sia 3 i pawe)
_") P;._—_- A"

o WeTh Lp kY oo Dl P

d cosed - Pél'{;@ Fté’[ & P'€J=~o %wfaﬂj:t;
&) Pé V(I(\ j;’*fxef‘v lxej""_’L')

Jai



Q?&, A, — %IWCA wduced] \0,% T, CcA
Ay Y5 B a \/ww\eowv.(tw,wu ondo V(T )= V;

z N
< =e A= bev g xea — k"=
2.13 (Lifting of idempotents) Let A % B be a surjective map of (matnegessariby
commritativevings) rings whose kernel a is locally nilpotent; that is, every

element of a is nilpotent. Let e be an idempotent in B. The aim of the exercise is

to show that there is an idempotent f in A mapping to e. Choose any element x

in A that mapstoeandlety =1 —x.

a) Show that xy € a.

b) Let n be such that (xy)" = 0 and define f = > ._,
Di<n (2") 211 Show that 1 = f + ¢ and that fg = 0.

c) Conclude that f is an idempotent in A that maps to e.
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d) Show that if Spec A is not connected, the ring A is a non-trivial direct
product; thatis, A ~ B x C for non-zero rings B and C
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2.15 Let {A;}ic; be an infinite sequence of non-trivial rings, and let X be the
disjoint union of the spectra Spec A;. Show that X is not homeomorphic to a
spectrum of a ring.
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2.18 Compute a primary decomposition for the following ideals and describe
their corresponding closed subschemes.

i) I = (x*y? x?z,y%z) ink[x, vy, z].
ii) I = (x%y,y*x) in k[x, y].

(x?
iii) I = (x3y,y*x) in k[x,y].
iv) I = (x,y,x—yz)in k[x, v, z]
v) I=(x*+(y—1)* -1y —x%) ink[x,y.
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Exercise 3.1 Prove Corollary 3.7.

COROLLARY 3.7 Let A be an integral domain with fraction field K, and let X = Spec A.
Then Oy is naturally a subsheaf of the constant sheaf Ky, and

where h(x) # 0 for every x € L.

f can be represented as g/ h } CK

Furthermore, we have
i) Ox(D(g)) ={ag™"|feA,n=0}cKk;
ii) Oxy={fg'|f,geAg¢p:} K
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