Exercise 9.8 Give examples of a non-noetherian graded ring R such that Proj R
is Noetherian, of an R that is not of finite type over a field k, but Proj R is and
an R which is not an integral domain, but whose projective spectrum Proj R is
integral. HINT: The irrelevant ideal is irrelevant. *
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EXERCISE 9.10 In this exercise A denotes a ring. Consider the homomorphism
of graded rings ¢: A[xg, x1, x2] — A[xp, x1, x2] defined by the three assignments
x; — X;jx; where the indices abide to the rule that {7, j, k} = {1,2,3}. Determine
the open set G(¢) in the two cases

a) A =kis a field;
b) A is the ring of integers; i.e. A = Z.
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EXERCISE 9.14 Let R = k|x,y,z| be the polynomial ring given the grading
degx = 1,degy = 2 and degz = 3, and let X = Proj R (also denoted IP(1,2,3)).
The aim of the exercise is to describe the three covering distinguishes subschemes
D.(x), Di(y) and D (z) S e |
a) Show that R(,) = k[yx~2,zx 3] and that D, (x) ~ Aj. (’O’), (;f’ )) (‘f“)
b) Show that R(,, ~ k[x*y~!,zy~ xzy?|]. Show that the graded algebra
homomorphism k[u, v, w] — R(,) given by the assignments x > yx=2, v
22y=6 and w ~ xzy~2 induces an isomorphism k[u, v, w]/(w? — uv) ~ R,,.
Hence D, (y) is a hypersurface in A}; the so-called “cone over a quadrié';.
Show it is not isomorphic to A% (check the local ring at the origin).
¢) Show that R, = k[x*z~!,y°272,xyz""| and that the map k[u,v,w| — R,
defined by the assignments x — x3z~1, v > 1>22 and w > xyz~! induces
an isomorphism k[u, v, w]/(w? — uv) ~ R .,. Show that it is not isomorphic
to A2 |
d) Show that the map R — k[U,V, W] sending x > U, y — V? and z — W3
induces a map IP7 — Proj R, and describe the fibres over closed points.
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10.2 Find an example of two Ox-modules F and G so that the presheaf (10.1) is
not a sheaf.

(F®p, 9)(U) = F(U) ®oyu) (U). (10.1)
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Exercise 10.10 Prove that applying f* commutes with taking tensor products

of sheaves, i.e., f*"(GRH) ~ f*G ®o, f*H for any two Ox-modules G and H.
*

Does the same hold for f.?
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