
E x e r c i s e 3 . 2

( p , V ) i r r e d u c i b l e r e p re s e n t a t i o n o f G , n = d i m V

X = X p c h a r a c t e r o f p
g = 1G t

C i = { s E G : H t c - G s t = t s } c e n t e r o f G
, c = 141

( a ) H s e Ci 7 L E E '

. Ps = x I d e r
,
I X ( s ) I = n

s t = t s ⇒ p s P t = p e p s f o r a l l t
'

,
i .e . P s i s

a n i n t e r t w i n e r

By t h e irreducibil ity o f p & S c h u t ' s lemma, Ps i s

a s c a l a r . Ps = L I d v

W e s , I = t i p s I = I T i x I d v l = I x T r i a l = l o l d i m V

S N = e f o r s o m e N E I N ( f o r example N = ' G l )
⇒ psN - I d , ⇒ K I N = ' t ⇒ l o l - I



( b ) h Z E g l e

By t h e i r reduc ib i l i ty o f p and orthogonality
o f i r r e d u c i b l e c h a r a c t e r s ( X - X ) , = I

i . e . Ig ¥ , 1 7 h 1 2 = 1

T h e t e r m s t e d a l l c o n t r i b u t e by l x c t ) 12 = r e

a n d t h e t e s t c o n t r i b u t e by n o n - n e g a t i v e n u m b e r s

⇒ § C h a e GI fee, I X C t ) 12 = ' t

C c , I f p i s fa i t h f u l , t h e n ¢ i s a cyclic g ro up
By C a ) , U s e d p s = L ' s ) I d v fo r L c s ) E C I , 14631=1

w e g e t a g r o u p homomorphism a : C , → I T - { Z E E : 121=1}
s t N s ,



( c o n t . ) p i s inject've ⇒ x i s a l s o in ject ive

⇒ C, i s isomorphic t o a f i n i t e subgroup o f I T

Any f i n i t e subgroup A o f T l i s c yc l i c '

.

i f
@2M¥11

,
•
2 1 ¥ c- A k - m coptime,

l & n cop i ine|
t h e n e2¥ E A f o r

p = l c m ( m a n )

'

. ' f i r s t g e t e¥ t
,
e ¥ i E A f r o m

(@2Tihkjj.e"¥ whenever j k = I mod m

( s u c h j e x i s t s b e . k & m coprime)
then ( e Thi)9 (@2¥ Jb = e 2 ¥ whenever
a m ' t b h ' = I m ' s p l m , n ' = p i n

( p o s s i b l e b e c a u s e m ' & n ' copr ia re )



E x e r c i s e 5 - Z

D n '

. symmet r i c g r o u p
o f a tegular n - s - n

= ( t , s '

.
t h e e , 5 2 = e , s i s = t - ' )

{ r t : K e o , - - i , n - I } : subgroup o f D u , isomorphic t o

C n ( c yc l i c g ro u p o f o r d e r n )

'"'-on-E.IE#oiEp3srk=t-ksXh
i c h a r a c t e r ( i r r e d u c i b l e f o r O c h a n z ) g i ve n by

X u ( t k ) = 2 c o s 2M¥
,
X u 1 s t " ) = O

t r i , fez
'

.
i r r e d u c i b l e ( E - d i m e n s i o n a l ) c h a r a c t e r s

µ , ( t k ) = I = f r , ( s t e t ) , fez ( r k ) = I , fez ( s i - K ) = - I



W a n t t o s h o w i X h X h '
= X h t h i + X h - h ' -

'

. - Cl )

a n d fez = X x f o r × = ( P h@Ph ) I A l t z ✓ - . . ( 2 1

X z h t µ , = X o f o r
a = ( P u@p h ) Is>m a ✓ - - - ( 3 )

A l t - V = { E - i x o - ' i E V @ V '

. E v ' s a v i = - E v i e w : }
sym2 V = { E • i x o - ' i E V @ V '

. E v ' s @ V i = E v i e w s }

( l ) ( X u . X h ' ) ( t k ) = 2 c o s
2 M ¥ 2 c o s2t¥

n

= ( w h t + in-hk) (Wh-K + µ
- h - K

) (m=e2¥)

= lunch t h ' )
k

+ w
- C h t h ' ) K 1 + 1 ,

( h - h ' t k
+ w -

c h - h ' I k ,
= X u + h a ( t k ) + X h - h ' ( T k )

( X u . X h ' ) ( s t k ) = O = X , + h . ( s i n k ) + X h - h ' ( s t - k )



( z ) , (3) g E D n , 7 1 , 7 2 : eigenvalues o f pkg) ( X u = Xpa )

⇒ X , Cg ) = x , X z , X - C g ) = 7,2+722+7,72 ( 8 2 . 1 )

g = t h i × , = w h t , 7 , = w
- h " from phcg, =/

" " " °

°

cu-hk]

g - s t " '

. X
,

= ' t , A z = - I f r o m phrg, =/ 0 w i n k

wht' o ]
eigenvectors ( "junk], (Inuk)

⇒
( 2 1 : X , (the) = ' t = fact") , Xa l s t " ) = - I = fez (si-K)

X o ( p k ) = wth" + w-24kt I = X z u l r k ) e f i , ( r k )(3,:/
X o Csr") = ' t = X z h l s r k ) + t , Csr")


