
E x e r c i s e 5 . 3

r e a l i z e D a a s a subgroup o f

SOC3) = { o r i e n t a t i o n preserving orthogonal l i n e a r

t rans fo rms o n 1123} ( r o t a t i o n s a r o u n d o r i g i n )
r 'a r o t a t i o n a r o u n d t h e Z - a x i s

, angle 2¥
s : r o t a t i o n a r o u n d t h e X - a x i s , a ng l e I

⇒

q -s"?:\s i n 2¥ c o s 2 ¥÷f¥÷."""
×'s'

=

" i .÷ ,o. - ±



i n v a r i a n t subspaces

W = { c o , o , u ) : u E R } c 1123

" " I : ] = ( E ) , ×%§j=.q,
'
"

' " '

"9'":p.ge/R3x'
"1%1=1%1. " "1%1=1%1

→ r e s t r i c t i o n o n W g i v e s P r = 1 , P s = - I . (park = I , Ps,k=-I)
e qua l t o f e l t ) , 4151

r e s t r i c t i o n o n W ' g i v e s p f = (
' 05¥ - s i n¥ ]
s i n ¥ c o s 2¥

- s i n27¥
P I K = (cos 27¥p's.-f 'o ? , ]

- s i n 2¥" - c o s 2¥]
c h a r a c t e r Xp , (the) = z c o s 27¥, Xp,( s i t ) = O

equal t o X ± ( r k ) , X a l s r k )



Rem . i f w e t r e a t t → x ' t '
,

s → × 's' a s complex

representat ion T L
,

w e h a v e

l ' t , W ¢ ) I 4 1
,

i t , W E ) = p't

f o r W@= { c o , o , u ) : u E E } , WI- { ( p , q - O ) : p , q E E }

T : WE → € 2 , ( p - q , o ) t c p t i q . p . i q )

s a t i s f i e s T x ' s ' = pig T g E D ,

g = t : T x ' s ' ( p - g , O ) = T (cos#p - s in#9. s i n ' t p t c o s¥9,0 )
= (e¥'cp + i q ) , e-⇐ ( p - ig) ) =p's Tc p - 9 . o )

s - s ' . T X's'lp.g . o ) - T ( p , - g . o . ) = (p - i o , p t i a l

= P's T i p , g , o )



E x e r c i s e 5 . 4 ( § 5 . ' 7 )

A t = { o c - Sae '

. e v e n permuta t ion } o r d e r ¥ = 1 2

I { t , K , g , z i t 3 = e , X - = e = y 2=2 - 2 , K y = 3 ( c⇒ y z⇒ c , . . )
A, T

( 1 2 3 ,
' I § t K t ' ' = ) , t y t - ' = z , t z t - t = s o }
'

,
l

/ C ' 4 ) ( 2 3 )( i 2 ) ( 3 4 )
( i z ) ( 2 4 ) y t y - I

conjugacy c l a s s e s o f Ag : E e } , E x , y - z } , { t . t k , t y -t''z}
{ t ? E x , t2y,-122}

i t

K £ 2 2 - I

H : { e . x , y , -23 i s a normal subgroup, A 4 / H 1 2 / 3 2

1 - d i m e n s i o n a l representat ions o f Ac , f r o m t h o s e o f 21321

X o ( o ) = I t 6 E A c , t r i v i a l r e p .

X I ( O ) - I
,
X I ( t o ) = w , X s f t ' s ) = w 2 ← E H ) w=e2¥

Z z l o ) = I
, X z ( t o ) = w 2 , X > ( t o o ) = w



3 - d i m e n s i o n a l i r r e d u c i b l e representation :

e : A c , → G L ( V ) Y = { E x i e ; i { a i = o } a € 4
i - l

t e s t t i c t i o n o f permutation r e p r e s e n t a t i o n

µ = X , c a n b e computed a s

µ l o l = # { f i x e d points o f a } - I

c h a t . o f
p e rm . r e p . "cher. o f t r i o . rep. fo r {e .'

f i l e ) = 3 , 4 1 0 ) = - I o = x , y . z

µ ( t o ) = 0 , 4h20) = O o f H

R e m . a f te r selling # conj-g. c lasses = 4 a n d

A - d i n . c h a r s X o , X , , X z
, w e c a n compute

µ by orthogonality & free, e IN



w e w a n t t o s h o w i t = I n @ '¥0 for t h e I - d i m rep

0 : H → e x , O l e ) = 0 ( x ) = I
, 0cg ) = 0 1 - 2 1 = - 1

strategy ' t . pu t t ' = XI,@gtfo
f - s a m e a s 0 6 , o o , - ' )

s e t 4401 by 440 ) = IT, E Koto, o o . ' ' )
• C-H adoo,-'c-

H G equ iv. t o - E H by
H being a normal subgrp

→ y
'

( o ) = {{(o)
t D-( t - t - l ) + O c t - a t - 2 )

o # H

o - x , y , 2 ⇒ { o , t o t - '
, t o t - 2 } = { x , y, - 2 }

s o f i l e , = 3 , f r
'

( x ) = I - I - I = - I = 4441=442,
K ' ( o ) = O f o r O E H a g r e e s w i t h Y



Strategy 2 analyze Iud'I4(Q,@) directly

- underlying s p . Indtff @ = { f : Ac, → ¢ , f l o , E ) = -0621ft.)
f o r

a E H }
3 - d imen s i o n a l , determined by ( f i e ) , f i e ) , f i t z , )

- t r a n s f o r m s t o =(I@If-01, t i f f ) ( d ) = f -( o - l o ' )
6 = x c o - t - x ) K t = t y ,

K t ' = t ? z imp l ies

( ( T I f ) ( e ) , # f ) ( t ) , # f ) Cts ) ) = ( f i e ) , - f e e l , - f a r , )

s im i l a r l y y e = t z , y t2= t2x g ives

( (Tj f ) ( e ) , (Tiff 1 I t ) , t j f ) L t ' ) ) : C - f i e ) , - f a t ) , f c t 4 )

a n d z t = t x , z t 2 = I ' y give
( (Tz ' f ) ( e ) , # f ) ( t ) , # f ) C t s ) ) : C - f i e > , f e e l , - f a r , )



( c o n t . ) (Ti f f ) ( e ) = f l t z )
, ( T i f f t ) = f e e , , (Te'flCt2) = f ( t )

f rom E l = f t

( A l t a f ) l e ) , THEf ) ( t ) , # f ) ( t ) ) = # ( t ) , f- ( t a ) , f i e ) )

w a n t : i n t e r t w i n e I n @ '¥46 → " = {Ettie; : E x : s o }
i

l o o k a t h o w I t a c t s :

f e e ) i s preserved by Asc , flipped by IT'y, Tis

→ e , + e z - e s - @4

f- ( t ) i s preserved b y T ' z , flipped by Ts a , IT'y
M e , - e z - e s t e a

f C t 2 ) i s preserved by IT'y, flipped by Asc, I s

m y e , - e z + e z - e g



( c o n t . ) t h i s gives a c a nd i d a t e T : Ind'I9@→ V

f ↳ (E.f i e , + safes t §fct2))e, + (sa fe ) - q f f t , - gfitz)) e z

+ ( - { f i e , - Ezfct) tE3f lE2) ) - 3 + C-E, f i e ) + Ezflt).-↳f i t? ) ) -4
E i , E z , E z E { 1 , - I }

t o h a v e compatiblity w i t h TIE & I t w e s h o u l d

m a k e t h e c o e f f . o f e 4 i n v a r i a n t u n d e r t

→ E , = - I = E z , E z = I

s o T f = ( - f e e , + f i t , - feta)) e , t ( - f l e ) - Act ) + f i t s ) ) e z

+ ( f i e ) - f i t ) - f i t 2 ) l e , + ( f i e ) + f l t ) + f i ts)) ee,


