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e From Lindstregm’s book, section 8.4: 2, 5

Extra exercise 14

Let F C R be Borel measurable, and let a,7 € R,  # 0. Show that £ 4+ a and rE are
also Borel measurable.

Hint: Consider the collections of subsets of R given by

B+ a:={FE + a| E Borel subset of R} and r5 := {rE | E Borel subset of R}.

Extra exercise 15

Let S denote either R or C, and let f : R — S. Let a € R and define f, : R — S by

fa(z) = f(x +a) forall x € R.

Moreover, let E be a Lebesgue measurable subset of R, and set
E—a:=E+(—a)={e—a|ec E}.

Note that £ — a is Lebesgue measurable, as follows from [L; Exercise 8.4.2].

Let p denote the Lebesgue measure on the Lebesgue measurable subsets of R.

a) Show that f is Lebesgue measurable if and only if f, is Lebesgue measurable.

b) Assume that f: R — R, is Lebesgue measurable, so f, : R — R is also Lebesgue
measurable (by a)). Show that [, fo du= [ fdpu.

c) Let again f : R — S. Show that f is integrable over F if and only if f, is integrable
over ' — a, in which case we have

fa du=/ fdu,
F—a E

in other words, we have [, f(z +a)du(z) = [, f(t) du(t) with B := E — a.
e From Lindstrgm’s book, section 8.5: 2

Extra exercise 16
Assume that A C R is Lebesgue measurable and let u denote the Lebesgue measure on
the Lebesgue measurable subsets of R. Show that
1(A) = inf {u(G) | G is open in R and A C G}
= sup {p(K) | K is compact in R and K C A}.

Extra exercise 17

In this exercise (and only there) we let B denote the o-algebra of all Borel subsets of R,
while £ denotes the o-algebra of all Lebesgue measurable subsets of R. Moreover, we let
p denote the Lebesgue measure on B, while m denotes the Lebesgue measure on L.

Let NV, denote the collection of all null sets for p, that is, N € N, if and only if N C R

and there exists some C' € B such that N C C' and pu(C) = 0.

a) Show that A C R is Lebesgue measurable if and only if there exists a Borel set B and
N € N, such that A= BUN.

b) Show that (R, £, m) is the completion of (R, B, p).



