Solutions to the exam in M AT3400/4400, Spring 2024

Problem 1
(a) Formulate what it means that a measure is absolutely continuous with respect to another
measure. Formulate the Radon—Nikodym derivative theorem.

(b) Consider the set N of natural numbers. Take two sequences (ay)52; and (by,)22 of strictly

positive numbers and consider two measures p and v on (N, P(N)) (where P(N) denotes the o-
algebra of all subsets of N) defined by

pA) =D an,  v(A)=) b

neA neA

d
What is the Radon—Nikodym derivative d—'u? Justify the answer.
v

Solution:

(a) Given a measurable space (X, B) and two measures p and v on it, we say that u is absolutely
continuous with respect to v, if for every A € B such that v(A) = 0 we have p(A4) = 0.

The Radon—Nikodym theorem has several slightly different formulations, any of which is accepted
as a correct answer. The most common form states that if p is absolutely continuous with respect
to v and both measures are o-finite, then there is a measurable function f: X — [0, +00) such that
dp = fdv, that is,

,u(A):/fdl/ for all A e B.
A

Moreover, f is essentially unique in the sense that if f is another function with the same properties,

then f = f v-a.e.

(b) Since a,, > 0 and b,, > 0 for all n, the only set that has measure zero with respect to either
measure is the empty set. In particular, p is absolutely continuous with respect to v, hence a

Radon-Nikodym derivative f = d—'u exists. For every n € N we have
v

an,

=) = [ v = () = S, encefio) = 3

n

Problem 2
Determine whether the following sequences ( f,,)3%; converge in L!(0, 1) (we consider the Lebesgue
measure on (0, 1)), and whenever they do, find the limits. Justify your answer.

(a) fu(z) = nlg,-1(x), where 14 denotes the characteristic function of a set A.

(b) fu(z) =

Solution:
(a) The sequence (f,)n does not converge in L'(0,1). One way to see this is to check that it is
not a Cauchy sequence: if n > m, then

sinz™

xn

2m

o tali= [ Mgl [ memans [ ma=a 2
(0,1) (0,1/n) (1/m,1/m) n

)

and the last expression does not converge to zero when n and m (with n > m) go to infinity.

Another possibility is to argue as follows. If the sequence (f,), converges in L'(0,1) to a
function g, then a subsequence converges to g a.e. But we have f, — 0 pointwise, so g = 0.
Therefore f,, — 0 in L'(0, 1), which is nonsense as || f,||1 = 1 for all n.
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(b) We use as known facts that 0 < sinxz < z for = € (0,1) and T asa 1 0.

As 2" — 0 for every x € (0,1), we thus see that f,(z) — 1 for all z € (0,1). As |fp(z)] <1
for all n € N and « € (0,1), by the dominated convergence theorem it follows that f, — 1 (the
constant function 1) in L'(0,1).

sinz
We may also recall/observe that the function is monotonically decreasing on (0,1). There-

x
fore the sequence (fy,), is monotonically increasing, so instead of the dominated convergence theo-
rem we could have used the monotone convergence theorem.

Problem 3

(a) Formulate the Tonelli theorem.

(b) Assume (X, B, i) is a o-finite measure space and f: X — [0, +00) is a measurable function.
For every ¢t > 0 consider the set A; = {x € X : f(x) > t}. Show that

/X fdp = /[o,m) H(Ay) A1),

where )\ denotes the Lebesgue measure. Hint: integrate the characteristic function of the set
A=A{(t,x): f(x) =t}

(c) In the setting of (b), show that for every number p > 0 we have

[ rau=p[ o iuanane.
X [0,4-00)

Solution:

(a) A short accepted formulation of the Tonelli theorem is that if (X1, B1, p1) and (Xa, Ba, u12)
are o-finite measure spaces, f: X; x X9 — [0, +00] is a (B; x Bg)-measurable function, then the
integrals

/Xl><X2 fd(pn x p2), /X1 ( . f(xl,m)duz(@)) dp (1), /)(2 ( . f(:m,xz)dm(xl)) dpg(x2)

are well-defined (but possibly infinite) and equal.

(b) Following the hint we integrate 14 with respect to the measure A x p on [0,4+00) x X. By
the Tonneli theorem we get

()= [ ( /[07+w)nA<t,x>dA<t>> duta) = | < /{tzogtgm}lth)) duta) = [ fa)dufa),

(0 x u)(4) = /[O . ([ vatta)duto) ) anio) - /[o,m) W(Ag) AA(D),

so the two integrals in the formulation of the problem are indeed equal.

(c) Ome possibility is to argue similarly to (b), but this time integrate the function (¢,z) —
ptP~ 11 4(t, ). Another possibility is to use (b) together with the change of variables formula for
the Lebesgue measure. Namely, by (b) applied to fP we have

/ fPdp = / p({z 2 f(@)P = t}) dA(t) = / p({z: f(a) > £/7}) dA(®).
X [0,4-00) [0,400)
Make the change of variables ¢ = sP. Then the last integral becomes equal to

[ e f@ = shpr i =p [ () ),
[0,400) [0,400)
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which is what we need. (To be precise, we apply the change of variables formula to the integral
over (0,400). Point 0 does not play any role, as its Lebesgue measure is zero.)

Problem 4
Consider the space S(R) of Schwartz functions on R. Show using the Fourier transform that for
every g € S(R) there exists a unique function f € S(R) such that

f'=f=g

Solution: N
Recall that the Fourier transform h — h is a bijection of S(R) onto itself. Hence the equation

#" — f = g is equivalent to f” — f = §. If we use the same conventions for the Fourier transform
as in the lectures, that is,

~ 1 A
o) = 5 [ By
27 R
then 1/1\’($) =ix E(x), hence ?LW(ZE) = —xzﬁ(x). Therefore the equation f” — f = g is equivalent to

—(22 +1)f(2) = §(x).
- 9()

This equation has a unique solution f(z) = — a2
x
function in S(R).

Note that the last fraction indeed defines a

Problem 5
Assume f: R — [0,+00) is a Lebesgue measurable integrable (with respect to the Lebesgue
measure) function. For x € R, define

g(x) = liminf f(x 4 n).

n—-+o0o

(a) Show that the function g is integrable.
(b) Show that g is periodic and conclude that g = 0 a.e.
Solution:

(a) For every n € N, consider the function f,, defined by f,(x) = f(z + n). Then g(z) =
liminf, .1 fn(z). Hence g is a positive measurable function and by Fatou’s lemma we have

/gd)\ < liminf/ fndh = / fd\ < oo,
R n—-+o0o R R
since [p fnd\ = [g fdX for all n.

(b) The sequences (f(z + n))s2; and (f(z + n + 1))22; has the same limit inferior. Hence
g(x) = g(x + 1), so g is 1-periodic. Then

gdi = / gdi = / gdA,
/]R 7% [n,n+1) % [0,1)

where the first equality follows, for example, from the monotone convergence theorem. As fR gdi <
oo by (a), the above equality is possible only if both f[o 1 gdA and ngd)\ are zero. As g > 0, it
follows then that g = 0 a.e.



