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Problem 1 (25p)

Let F : R→ R be the right continuous function defined by

(1) F (t) =

{
2− 1

(1+t)2
, if t ≥ 0

0 , if t < 0

and let µF be the Borel measure on R associated to the (distribution)
function F .

(a) What is µF (a, b], a < b, (a, b ∈ R)? Give detailed formulas. Find
the Lebesgue decomposition of µF with respect to Lebesgue measure λ.

(b) Explain why∫
R
g dµF = g(0) +

∫ ∞
0

g(t)
2

(1 + t)3
dλ(t)

for all Borel measurable g : R → R for which the function t 7→ g(t)
(1+t)3

is
λ-integrable on [0,∞).

Problem 2 (35p)

Let λ be Lebesgue measure on the Borel σ-algebraen B(R) on R and let
f ∈ L1(λ). We define

f∗(x) = sup
r>0

1

2r

∫ x+r

x−r
|f(t)| dλ(t), x ∈ R

and
Ut = {x ∈ R : f∗(x) > t}, t > 0.

Let, for all r > 0 and all x ∈ R, Ir(x) denote the open interval Ir(x) =
(x− r, x+ r).

(Continued on page 2.)
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(a) Suppose that r2 > r1 > 0. Show that∫ x+r1

x−r1
|f | dλ ≤

∫ z+r2

z−r2
|f | dλ.

for all z ∈ Ir2−r1(x).
(b) Prove that Ut is open (and hence Borel measurable) for every

z ∈ Ir2−r1(x).
Hint: For all x ∈ Ut there are r1 and r2 such that r2 > r1 > 0 and

1

2r1

∫ x+r1

x−r1
|f | dλ > t ,

1

2r2

∫ x+r1

x−r1
|f | dλ > t

Consider Ir2−r1(x).
(c) Next we will prove that

(2) λ(Ut) ≤
3

t
||f ||1

Explain that it suffices to prove (2) for all compact subsets K of Ut (hence
that λ(K) ≤ (3/t)||f ||1 for all such K).

(d) In what follows you can take for granted that for every finite set
{I1, I2, ..., IN} of open intervals, there is a subset {I ′1, I ′2, ..., I ′M} of pairwise
disjoint intervals (I ′j ∩ I ′k = ∅, 1 ≤ j < k ≤M) such that

λ(
N⋃
k=1

Ik) ≤ 3
M∑
j=1

λ(I ′j).

Show that
λ(K) ≤ 3

t
||f ||1

for all compact K ⊂ Ut.
Hint: For all x ∈ K, choose Ir(x) = (x− r, x+ r) such that

1

λ(Ir(x))

∫
Ir(x)
|f | dλ > t.

Problem 3 (25p)

(a) Let X be a linear normed space, X∗ the dual space of X.
Justify that at every x ∈ X induces a bounded linear fuctional lx defined on
X∗.

Show that we also have ||lx|| = ||x||. Hint: Hahn-Banach.

(b) Assume that (Ω,A, µ) is a σ-finite measure space (µ ≥ 0),
1 ≤ p < +∞, 1

p + 1
q = 1.

Let F ⊂ Lp(µ). Show that there is a finite positive M such that
||f ||p ≤M for all f ∈ F if and only if

(3) sup
f∈F
|
∫

Ω
gf dµ | <∞, for all g ∈ Lq(µ).

(Continued on page 3.)
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Problem 4 (15p)

Consider Lebesgue measure λ on the Borel σ-algebra B on [0, 1]. Assume
that (fn) is a sequence of absolutely continuous functions on [0, 1] enjoying
the following properties:

(1) There is a continuous function f such that f = lim
n→∞

fn pointwise ae
on [0, 1].

(2) There is a function g such that g = lim
n→∞

f ′n pointwise ae on [0, 1].
(3) There is an integrable function F such that

|f ′n(x)| ≤ F (x) for alle x ∈ [0, 1] and for all n ∈ N.

Show that f is equal to an absolutely continuous function ae and that
f ′ = g ae on [0, 1].

THE END


