Quantum information theory (MAT4430) Spring 2021

Lecture 13: Additivity problems

Lecturer: Alexander Mdiller-Hermes

Due to the examples of quantum channels for which the Holevo information is additive, it
was conjecture for some time that it might be always additive. This conjecture was disproved
by Matt Hastings in 2009, and we will review some ideas behind this result in this and the
following lecture.

1 Holevo information and minimum output entropy

Recall the minimum output entropy, which we introduced in the exercises.

Definition 1.1 (Minimal output entropy). For a quantum channel T : B(Ha) — B(Hp)
we define the minimum output entropy as

Hinin (T) = min (H(T(p)) : p € D(Ha).
By concavity of the von-Neumann entropy it is easy to see that

Huin (T) = min (H(T([)¢]) = [¢)¢] € Proj(Ha)) .

We will now relate the Holevo information to the minimal output entropy. To do so, we will
associate a particular quantum channel 7" to a given quantum channel 7.

Definition 1.2. Let T : B(Ha) — B(Hp) denote a quantum channel. For N = dim(Hp)?,
we consider a set of unitaries

(U, : ne{l,....N},

such that

14y 1 &
M = =N Ady,
dim(Hg) anl Un

Then, we define a quantum channel T : B (CN @ Ha) = B(Hp) by

N
T(X) =) Ady, oT ({n| ® 13,) X (jn) @ L3,) -

n=1
We proved the following theorem in the exercises:

Theorem 1.3. For any quantum channel T : B(H ) — B(Hp) we have

x (7)) = log (dim(H;3)) ~ Hynin (7).
The relevance of the previous theorem becomes clear by the following corollary:

Corollary 1.4. If there exist quantum channels T : B(Ha) — B(Hp) and S : B(H¢) —
B(Hp) such that
Hmin (T ® S) < Hmin (T) + Hmin (S) 3

then we have

(T 8)>x(T)+x(S).
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Proof. Let N = dim(Hp)? and M = dim(#Hp)? and assume that
Hmin (T ® S) < Hrnin (T) + Hrnin (S) .
Consider two sets of unitaries

(U, : ne{l,...,N*}} and {V,, : me {1,...,M?}}

such that N
1y, 1
Tr = Ad
dim(Hp) = N ; o
and M
1y, 1
= — Ad
dim(Hp) M mzzl Y
Clearly, we have
Ly penp 1
Tr = Ad Ad
dim(Hp) dim(Hp) T NM ; U B
and therefore, we have R L
TRS=T®S,

for the choice of unitaries from above. Applying Theorem 1.3 (twice) leads to

X (T ® S) — log(dim(Hz)) + log(dim(Hp)) — Huin (T ® S)
> log(dim(Hp)) — Hmin (T) + log(dim(Hp)) — Humin (S)
=x(T)+x(9).

This finishes the proof. O

The previous corollary shows that a counterexample to the additivity of the minimum
output entropy implies a counterexample to the additivity conjecture of the Holevo quantity.
The next corollary shows that it is enough to find two distinct quantum channels for which
the minimum output entropy is not additive, since they give rise to a single quantum channel
violating the additivity alone.

Corollary 1.5. If there are quantum channels S1,S2 : B(Ha) — B(Hp) such that

Hupin (81 ® S2) < Huin (S1) + Hmin (52)
then there exists a quantum channel T : B(H4) — B(Hp) such that

Huin (T ®T) < 2Hmin (T) .
Proof. Consider p1, p2 € D(H 4) such that
Huin (1) = H (S1(p1)),  and  Hmuin (S2) = H (S2(p2)) -
Next, we define quantum channels 71,75 : B(Ha) — B(Hp)®? by
Ti(X) = 51(X) ® S2(p2), and Ta(X) = Si(p1) @ S2(X),

and note that
Hmin (Tl) - Hmin (TZ) — Hmin (Sl) + Hmin (52) .



Moreover, we have

Hoin (Tl X Tg) = Huin (Sl & 52) + Hpin (Sl) + Hmin (52)
< 2Hpmin (51) + 2Hmin (52) =

Finally, we consider the direct sum
T=Ti&T,:B(C*®@H) = B(C*0HE)
defined by
T(X) = Ty (1] @ Tae,) X (1) © L30,) © [1(1] + T (2] © Tae,) X (12) © L30,)) © [2)2].
Given a quantum state o € D (@2 ® HA) we have
T(o) = piT1(o1) ® [1X1| + p2Ta(02) @ |2)(2,
where

p1="Tr[((1[®13,) 0 ([1) @1y, )]
p2 = Tr[((2[ ®13,) 0 (2) @ T3, )]

and

(H®Tp,) o (1) @14,) e D
P

(<2’ ®]1HA)J(|2> ®]1HA) e D(
P2

Ha)

o] =

o9 = HA)

We conclude that

H (T (o)) = H(p) + p1H(Ti(01)) + p2H (T2(02)),

such that
Hmin (T) — Hmin (Tl) - Hrnin (TQ) .

Finally, note that for any 7 € D(H) (with a particular reordering of tensor factors) we have

H(ToT) (1)1 @[2)2[ @ 7)) = [11] @ |2)2| @ (T1 @ T2)(7).
Therefore, we have

Hmin (T ® T) < Hmin (Tl ® TQ) < Hmin(Tl) + Hmin(T2) = 2Hmin(T)-

2 A family of additivity problems

We will need a few constructions that are best understood when applied in a concrete setting.
Here, we will consider a related additivity problem involving so-called Renyi entropies based
on Schatten p-norms. For p > 2 this problem can be solved without the heavy machinery

that is needed for the additivity problem of the minimum output entropy.



2.1 Minimal output Renyi entropies

Before studying the additivity problem for the minimal output entropy, we will look at a
slightly easier problem. For any p > 1, we may define the p-Renyi entropy as

p
Hy(p) = 72105 (loly)

for any quantum state p € D(H). The following lemma shows that these quantities are
closely related to the von-Neumann entropy:

Lemma 2.1. We have

lim H,(p) = H(p),
lim H, () = H(p)

for any quantum state p € D(H).

Proof. Note that

1
Hy(p) = 1— , log (Ioll3)

and
d
lpllh =",
i=1

where \; denote the eigenvalues of p. Using I’Hospital’s rule we find

d
1
lim H. =——1lim— ) In\)N = H(p).
p\l p(p) ln(2) p\l ; ( ) (p)
]

Similar to the minimum output entropy, we may define the minimum output Renyi-
entropies of a quantum channel T': B(H4) — B(Hp) as

HMmn) (7Y = min H, (T(p)).
(T Cnin »(T(p))

By monotonicity of the logarithm and since p > 1, we can write

i (1) = L T
(1) = 2o (17001,

which motivates the definition of the mazimum output p-norm given by

Ty = max ||T(X)],.

Ty = e [T
Note that here we optimize over the full |- [|;-unit ball, but actually the optimization can
be restricted to selfadjoint operators, and then to pure quantum states (i.e., the selfadjoint
extreme points of the || - ||;-unit ball up to a phase factor), showing that

H}gmin) (T) — . fp log (”THI—m) ) (1)

for any quantum channel 7' : B(H4) — B(Hp). We state the following lemma without
proof.

Lemma 2.2. For any quantum channel T : B(H ) — B(Hp) we have

T = max T(X = max T .
Ty = _pomax T = max (D)



By (1), we see that the following statements are equivalent:
1. (Additivity of H™™)

H{™ (T © 8) = H{™™ (T) + H™ (S).

2. (Multiplicativity of || - ||1—p)

1T @ Sllisp = ITh-pllSll1-p-

Moreover, if ngmin) would be additive for all values of p close to 1, then additivity of the
minimal output entropy would follow by Lemma 2.1. Historically, this was a strong motiva-
tion for studying multiplicativity of the norms || - ||1-p, and we will review a few key results
below.

2.2 Quantum channels and subspaces of tensor products

Consider a subspace S C €% ® C% and an isometry V : a5 98 @ O with dy =
dim(S) and Im (V) = S. We can define a quantum channel 7 : B(C%) — B(C?8) by the
Stinespring dilation

T(X) = Trg [VXVT] .

In this way, we obtain a correspondence between quantum channels and subspaces of C%8 ®
€42, We will now use this correspondence to study the additivity problem for maximum
output p-norms. We start with a lemma:

Lemma 2.3. Consider an isometry V : C4 — C9 @ C® with Im (V) =8 C C% @ C9~.
The quantum channel T : B(C%) — B(C8) given by

T(X) = Trp [VXVT] :

satisfies
T|1op = max Trg (|v) Y = max X3 .
IThop = e AT (K lp= omax X,
vec(X)eS

Proof. By Lemma 2.2, we have

Tliop = Trg |V V-
ITlhop = e T [VI)0IV

Since |¢) = V|¢) € S and since any vector 1)) € S can be obtained in this way from some
|¢) € Ha, we conclude that

Tlip = T
1Tl = a1 Tew (9201 Iy

For the second equality we recall that

Trp [[9)¢l] = XXT,

whenever vec(X) = [¢). Since the operator-vector correspondence is an isometric isomor-
phism and || X XT||, = | X1|3, for any X € B(Hg,Hp) we conclude that the second equality
holds. O



2.3 Conjugate pairs and non-multiplicativity for p > 2
Definition 2.4 (Conjugate pairs of quantum channels). Consider a quantum channel T :
B(C%) — B(C98) with Stinespring dilation

T(X) = Trg [VXVT] ,

where V : €% — €% @ C% is an isometry. We define the conjugate quantum channel®
T : B(C) — B(C) by
T(X) = Trp [VXVT] :

where V' denotes the entrywise conjugation of V in the computational basis.

Note that the definition of the conjugate quantum channel depends on the Stinespring
dilation, which in general is not unique. The results, which we will prove below will be valid
for any conjugate quantum channel and we will usually specify the Stinespring dilation used
to define it.

Lemma 2.5 (Spectral property). Let T : B(C%) — B(C?) denote a quantum channel
with Stinespring dilation
T(X) = Trp [VXVT] :

where V : C% — €9 @ C is an isometry. For any p > 1 we have

B _ d
(T &T) @aa)llp = (T ET) (@aa) oo = 520,

for the conjugate quantum channel T : B(C%) — B(C8), where way € D(C% @ ©44)
denotes the maximally entangled state given by warq = [QaraAXQara| with

|Qar4) = lia) @ i) € Ha® Ha.
>

Proof. Consider the maximally entangled states

Qp/p) = lig) ® |ig) € Hp ® Hp,
.S

QeE) = lig) ® |ig) € He @ HE.
>

Since 1grp > |QppXQpg|, we have (with some ordering of tensor factors)

(T ®T) (way) oo > Q8 (T @T) (Wara) 195:8)
= T [(|8 X2 5] © Lpp) (Ady ® Ady) (wara)]
> Tr [(‘QB’B><QB’B| & |QE’E><QE’ED (Adv ®Ad7) (wA/A)]

=| (@l o 875 (V 7) \QA'A>!2
2 da

‘Tr [VTV} ‘ =g

‘Tl“ (DdA]

dEdAdB dEdAdB

where we used the necklace identity. O

!This should not be confused with the complementary channel, which is sometimes referred to as the
“conjugate channel” as well.



The previous lemma can be used to show that the quantities T — ||T'||;—, are not
multiplicative. For this we will need the following lemma, which we will not prove?:

Lemma 2.6. Any X € B(CY) satisfying X = — X has even rank, and its non-zero singular
values come in pairs, i.e., we have

o1 =51(X) = 52(X) > 09 = 53(X) = 84(X) > --- > 0,/ = 5,-1(X) = 5.(X) > 0.
With this, we can prove:

Theorem 2.7. For any p > 2 there exists a complex Fuclidean space H and quantum
channels T : B(H) — B(H) and S : B(H) — B(H) such that

1T @ Sllimp > 1T 1-pllSll1-p-

Proof. Fix some p > 2. Consider the antisymmetric subspace
Ai={lv) € C'@C* : Fly)=—[y)},

where F € B(C? @ €%) is the flip operator, defined by F (|i) ® |5)) = |j) ® |i) for all 4, ;.
Clearly, we have dim(.A4;) = d(d — 1)/2. Using the operator-vector correspondence it is easy
to see that

Ag={vec(X) : X e B(C%),xT = -X}.

By Lemma 2.6, we have
1—2
1X13 = 2ll(o1, ..., onp)ll5 = 27 7| X5

By Lemma 2.3 we conclude that

1
T, = max X2 <2t
1T [1-p XEB<@d),||XH2:1,H 12, :
XT=—Xx

for the quantum channel 7' : B ((Dd(d_l)/Q) — B ((Dd) associated to Ay as explained in the
beginning of Section 2.2. Using Lemma 2.5 and the ordering of the Schatten p-norms we

have
_ — 1 1 1 2 1 =
IT&T o 2 1T & Tl 2 5 (1= 5 ) > 5207 2 1Tl Ty,

whenever the dimension d is large enough.

2For a proof see Corollary 4.4.19. in “Matrix analysis” by Roger Horn and Charles R. Johnston
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