Lecturer: Alexander Mdiller-Hermes

Quantum information theory (MAT4430) Spring 2021

Lecture 18: LSD theorem (part 2), superactivation and classical assistance

In the final lecture, we will prove the converse part of the LSD theorem. We will then
study a striking consequence of this theorem: Superactivation. Although two channels each
have zero quantum capacity their tensor product can have non-zero quantum capacity. One
way of putting this is that allowing for a side-channel with zero capacity to be used by the
sender and the receiver can increase the quantum capacity. Along similar lines, we will then
look at classical side-channels either from the sender to the receiver or from the receiver to
the sender. We will see that in the first case the classical side-channel does not increase the
quantum capacity, but in the second case it does.

1 The proof of the LSD theorem

We will need the following theorem, which we have shown in the exercises:

Theorem 1.1 (Data-processing inequality for the coherent information). For quantum chan-
nels T : B(H1) — B(Hz) and S : B(H3) — B(H3) we have

IC(Ua So T) S IC(Uv T)a
for any o € D(H;).
Proof. Exercise. 0

Now, we can show the main result of this lecture:

Theorem 1.2 (Lloyd, Shor, Devetak). For any quantum channel T : B(Ha) — B(Hp) we
have

Q(T) = Tim 21 <T®k>.

k—oo k ¢

Proof. In the previous lecture, we have seen that

lim sup %Ic <T®k) < Qec(T) = Q(T),

k—o0

for any quantum channel T : B(H4) — B(Hp). To prove the remaining inequality assume
that R > 0 is an achievable rate for entanglement generation via T'. Therefore, we have for
every n € N there is an (n, my, d,)-coding scheme for entanglement generation consisting of
a quantum channel

D, : B(H$") — B ((C*)®™),
together with a pure quantum state
|én) € (C*)F™ @ (Ha)®",
such that R = lim,,_,o, m,/n and
F (0™, (id5™ @ Dy o T™) (|pnXénl)) > 1 — 6, — 1,
as n — 00. By the Fuchs-van-de-Graaf inequalities we find that

wS™ — (id§™ @ Dy 0 T®™) (|¢n)¢nl) |1 = €0 — 0,



as n — oo, and (by taking the partial trace) we also have

KXm
1

| omn (Dn °© T®n) (pn) 1 < €n,

where we set p, € (H4)®" to denote the partial traces of |¢, ) ¢,| over the reference system.
Using Fannes’ inequality (which we proved in exercise 4 on sheet 8), we find that

H ((idS™ @ Dy o T®") (|¢n)nl)) < 2mupe, + 1
and that
My — H ((Dn 0 T%") (pn)) < mnen + 1,

whenever n € N is chosen large enough (to guarantee that n(e,) < 1). Since both |¢;,)
and vec (‘/pn) are purifications of the same quantum state p,, we can use the Schmidt-
decomposition to show that

(idgmn ® Dp o T®n) ([Pn)Pnl)

and
(id%" ® Dy, o T®™) (Vec (v/Pn) vec (@)T)

have the same non-zero spectrum. Therefore, we have
H ((id3™" @ Dy o T%") (|¢n)¢nl))
=H <(id§” ® Dy o T®™) (vec (\/pn) vec (\/,on)T)> .

Using the data processing inequality of the coherent information (see exercises), we find that

I(T®™) > I.(D,, o T®")
> Ic(pna Do T®n)

= H (Do o T®") (pn)) — H ((id‘i’" ® Dy, 0 T®") (Vec (v/Pm) vee (\//Tn)T))

=H ((DnoT®") (pn)) — H ((1d™" @ Dy, 0 T®™) (|0 )nl))
> my(1 — 35,) — 2.

‘We conclude that

1 2
liminf ~ I(T®") > lim inf (m"u —36,) — > — R.
n n n

n—oo n—oo
We conclude that 1 1
limsup - I, (T®k) < Q(T) < liminf - I.(T®),
and hence we have shown that

Q(T) = lim %Ic (T®k) .

k—o0

O]

The LSD-theorem derives a formula for the quantum capacity of a quantum channel,
but again this formula is not satisfactory as it involves a regularization. It is currently not
known whether there exists a different type of formula not involving any regularization, and
it is not even known whether the quantum capacity is a computable quantity in the sense of
Turing.

In the following, we collect some examples of quantum channels T : B(H4) — B(Hp)
for which the capacity is known:



e If 95 0T is completely positive, then Q(T) = 0.

o If T is antidegradable, then Q(7") = 0.

e If T is degradable, then Q(T") = I.(T).

e In particular, the erasure channel E) : B(C?%) — B(C™!) for A € [0,1] given by
ExX)=(1-XNX®0+ ATr[X]|d+ 1) d+ 1].

satisfies
Q(E) = (1 — 23 log(d).

o If Hy = Hp = C? and the quantum channel T is Pauli-diagonal, i.e., we have
T = pOidQ +p1 AdO'X +p2 Ada’y +Dp3 Adazv

for p € P({0,1,2,3}), then
Q(T)>1—H(p).

This inequality is called the Hashing bound.

2 Superactivation

The following theorem is due to Graeme Smith and John Yard.
Theorem 2.1. Consider an isometry
V Q% - i g le,
and the complementary quantum channels T : B(C%) — B(C) and T¢ : B(C%) —
B(C?*®) given by
T(X) = Trp [VXVT} and T(X) = Trp [VXVT] .

Moreover, let {p;, Pi}i]L denote an ensemble of quantum states with a probability distribution
peP({1,...,N}) and p; € D(TC%) for every i € {1,...,N} and let D = Nd. Then, we
have

1o (T® By) 2 5x (oo T00)H) = 33 s TG0}

where E% : B(CP) — B(CP+Y) is the erasure channel defined by

1 1
By (X) = 53X ©0+ |D+ 1D + 1.

1
2

Proof. Consider the classical-quantum state
N
poa =Y pilifi| @ pi* € D(CV & €%)
i=1

and its purification

N
[Yorcaa) =D Voil)) @ i) @ [¢4) e CV @ CV @ € @ €4,

=1



where each \qbf‘/A) € C% @ C denotes a purification of pf! € D(C9). Next, we define the
pure quantum state

ITcrcares) = (Lo @1e @1y @ V) (|hercara)) -

It is easy to verify that
7cr = Troras |Tocaep toca sl = sz il @ T (pf)
e = Trorar |tocaps toca sl = pr il@T (pi')
78 = Trorow s [|ITorcaep Torca sl = ZPZTC pi)

78 = Trorcae [|TocapsXTecapsl] = sz pi),

and by the definition of the Holevo quantity (and properties of the von Neumann entropy)
we have

x ({pi,T(pi)}) = H(tp) — H(cp) + H(p),

and
x ({pi, T%(pi)}) = H(g) — H(7cp) + H(p).

Finally, we consider the quantum state
pcrara = Tre [|[Yerca aforcaall
and, by identifying CP = CN @ €%, we can compute
I(By @T) = L(poraa, By ©T)
=H ((E% ® T) (pC/A'A)> - H ((E% ®TC) (PC/A/A))

H(T (pa))

—_

1 .
= H ((dera @ T) (porara)) +

D |

— SH (o ©T) (pora)) — 5 H (T (pa)

1 1 1 1
= §H(TC/A/B) + EH(TB) - §H(TC’A’E) — §H(7—E’)
1 1 1
= 5 H(rcp) + SH(18) — 5 H(1cp) — 5 H(7E)

XU T(o0)) — 5x ([ T(p0)})
O

To find an explicit example for superactivation, we could use a quantum channel T :
B(Ha) — B(Hp) such that ¥p o T is completely positive and such that

X (P T = 3 (i To0)}) > 0,

for some ensemble {p;, p;}}¥.; with p; € D(H4). Indeed such quantum channels exist, and
you may look into the book by Watrous to see an explicit example of a quantum channel



T : B(C*) — B(C*) satisfying these properties. From the transposition bound we know
that Q(T") = 0, but the previous theorem implies that

QTeE) > 1. (Te By ) >0,

for some erasure channel F 1 B(CP) — B(CP*!) with erasure probability 1/2. We have
seen earlier that E 1 is antidegradable and hence we have Q(F %) = 0. From this we can
conclude that surprising fact that the tensor product 77 ® T5 of two quantum channels can
have strictly positive quantum capacity although both T} and 75 have zero quantum capacity.
This phenomenon is called superactivation!

By a similar argument (see the book by Watrous for the details) to what we did for the
classical capacity, the following corollary can be obtained from an example of superactivation:

Corollary 2.2. There is a quantum channel T : B(H4) — B(Hp) satisfying
I(T®T)>2I(T).

The coherent information is not additive!

3 Does classical communication help?

In most quantum communication scenarios happening on earth, it is a reasonable assumption
that the sender and receiver can communicate classically. How does this affect the achivable
rates for quantum communication? We will consider to basic scenarios of such an assistance:
Forward classical communication from the sender to the receiver and backward classical
communication from the receiver to the sender. We will see that while the former does not
increase quantum communication rates, the latter does.

3.1 Classical forward communication does not help!

How should we model forward classical communication from the sender to the receiver in
the quantum communcation scenario? Well, instead of using an encoding quantum channel
the sender could use a general encoding instrument and the decoding channel that the
receiver applies could depend on the classical information in the output of the instrument.
Indeed, this captures the most general scenario of classical forward communication. The
next definition makes this precise:

Definition 3.1 (Coding schemes assisted by classical forward communication). Let T :
B(Ha) — B(Hp) denote a quantum channel. An (n,m,d)-coding scheme for quantum
communication over 1" assisted by forward classical communication is given by an instrument
{E;}E | of completely positive maps

E;: B ((C*)®™) — B(HY")
such that Zfi 1 Ei is a quantum channel, and quantum channels
D;: B(HE") = B ((C*)®"),
for each i € {1,..., K} such that

K
[id§™ = > " Dio T®" o Byl < 6.
=1

As always, we define a capacity as follows:



Definition 3.2 (Quantum capacity assisted by classical forward communication). We call
a rate R > 0 achievable for quantum communication assisted by classical forward commu-
nication over the quantum channel T : B(Ha) — B(Hp) if for every n € N, there exists an
(n, My, 0n)-coding scheme such that

R = lim Mn and lim 6, = 0.

n—oo n n—oo

The quantum capacity assisted by classical forward communication of a quantum channel
T :B(Ha) — B(Hp) is given by

Q- (T) =sup{R >0 : R achievable rate for quantum comm. assisted by class. forward comm.}.

We will need the following lemma about the fidelity:

Lemma 3.3. LetT : B(Ha) — B(HR) denote a quantum channel and E : B(Hgr) — B(Ha)
a completely positive map satisfying Tr [E(1g)] = dr and

F (wr, (idg @ To E) (wg))? > 1 — ¢,
for some € € (0,1]. Then, there exists a pure quantum state |)ra) € Hr @ Ha such that
F (wr, (idr ® T) (I ra)vRAl)? > 1 — 2.
Proof. Consider Kraus decompositions
N N
T=> Adg, and E=)» Adgy,
i=1 j=1
with Kraus operators (which might be zero)
Ki:Hs—Hr and L;:Hprp — Ha,
for every 7,7 € {1,..., N} such that
Tr [K;L;] = 0,

whenever ¢ # j. The existence of such Kraus decompositions follows by considering general
sets of Kraus operators {K;} | and {Lj}jj\i1 and the matrix X € B(CY,CM) with entries

Xij =Tr [KZL]] .

By the singular value decomposition, there exist unitaries U € U ((DN ) and U' e U ((DM )
such that

Z UlkUil/]TI‘ [Kkil} = 0,
ki
whenever i # j. Now, the operators K; = Zi};l Ui K and L;= Zl]\il @‘Z’l define new sets

of Kraus operators with the desired property.
By a lemma from lecture 9 we have

N
F (o, (idg © T o B) (wp))? = d% I P,

and in the following we may assume that K; and L; are non-zero (otherwise restrict the sum
to only include the non-zero terms). Then, we have

N
, 1 Tr [K;L;] |?
F (wg, (idg ® T o E) (wg))* = 7 > piM >1—c¢,
R =1 !



where we introduced

1
pi= T LiLi] > 0.

Since ), p; = 1, there exists some i € {1,..., N} such that

| Ty [Ksz] |2 . ’ Ty [Ksz] |2
dhpi dpTr |LiLl]

>1—e

Now, we define the operator

[ —  YORrRT VdRLi’

Tr |LiL]
and the pure quantum state
) = (1r ® L)|Qr),

where |Qg) denotes the normalized maximally entangled state. It is then easy to verify that

T.112
F (wr, (dg © T) (WraXtral))? > — | T [K:L] P = IT KL o
dp, drTr |LiL]]

Now, we show that forward classical communication does not help:

Theorem 3.4. For any quantum channel T : B(Ha) — B(Hp) we have

Proof. Clearly, we have Q(T') < Q@ (T') since the parties can just choose not to communicate.
To see the other inequality assume that R > 0 is an achievable rate for quantum communica-
tion assisted by forward classical communication. Consider a sequence of (n,my,, d,)-coding
schemes for quantum communication assisted by forward classical communication for each
n € N such that m
R = lim —2,
n—oo n

given by a sequence of encoding instruments {Ez(n)}finl with

E™ . B ((©*)®™) — B(HE")

)

such that Zfi"l Ei(n) is a quantum channel for each n € N, and decoding quantum channels

D™ : B(HE") — B ((C?)®mn),

7

for each i € {1, ..., K, } such that

Ky,
lidg™ — " DM o T®" 0 Bl = 8, — 0,

=1

as n — 0o0. We can use these coding schemes to send maximally entangled quantum states
and by the Fuchs-van-de-Graaf inequalities we find that

Ky
F <w§’mn, (id?mn ® (Z DM o T o E(")>> (@W)) =1,

=1



as n — oco. Without loss of generality we may assume that Ei(n) # 0 for each ¢ and each n.
Using the formula for the fidelity with a pure state, we find that

Kn E™ 2
S FE <w§®mn, <id§?mn ® D™ o T o 7 ) (wgmn)) = 1—€ —1,
i=1 p;

as n — 00, and where we introduced

T B (15|

2

> 0.

pM =

Since Zl 1p2 =1 for each n € N, there exists i, € {1,..., K, } for each n € N such that

(n)

2
E:
F (@@m, (id?mn Y R ) (w?m")> >1— e

p;,

Now, applying Lemma 3.3 we find a sequence of pure quantum states [i,) € (C?)®™» @ HY"
such that

F(wgm, (1057 @ DI o T90) (lnfeal)) = 1.

as n — o0o. We conclude that the DE:) and |1,) form a sequence of coding schemes for
entanglement generation over 1" achieving the rate R. We conclude that

Q-(T) < Qrc(T) = Q(T),

and the proof is finished. O

3.2 Classical backward communication helps!

we will now see that coding schemes allowing for classical information to be send backwards
from the receiver to the sender can achieve higher communication rates than the unassisted
quantum capacity. For simplicity, we will restrict to the task of entanglement generation
assisted by backward communication.

Definition 3.5 (Entanglement generation schemes assisted by backward communication).
Let T : B(Ha) — B(Hp) denote a quantum channel. An (n,m,d)-coding scheme for en-
tanglement generation over T assisted by backward classical communication is given by a
quantum state pra € D(Hr ® H%") for some complex Fuclidean space Hgr, an instrument
{D;}X, consisting of completely positive maps

D;: B(HE") = B((C*)®™),
such that Z@]L D; is a quantum channel, and quantum channels
By : B(Hg) = B(TY)®™)
such that

N
( > (B @ (D oT®”))(pRA)> >1-6.

i=1

As always, we define a capacity as follows:



Definition 3.6 (Quantum capacity assisted by classical backward communication). We
call a rate R > 0 achievable for entanglement generation assisted by classical backward
communication over the quantum channel T : B(Ha) — B(Hp) if for every n € N, there
exists an (n,my, o,)-coding scheme such that

R = lim Mn and lim ¢,, = 0.

n—oo n n—oo

The quantum capacity assisted by classical backward communication of a quantum channel
T :B(Ha) — B(Hp) is given by

Qc rc(T) =sup{R >0 : R achievable rate for quantum comm. assisted by class. backward comm.}.

Surprisingly, we have the following theorem:

Theorem 3.7. The erasure channel Ey : B(C?) — B(C3) with erasure probability A € [0, 1]
satisfies
Qe’Eg(Ek) >1—-A>1-2\= QEg(EA).

Proof. The last equality was shown in the exercises. We will now show that any rate 0 <
R < (1 —\) is achievable for entanglement generation assisted by backward communication.
The strategy to achieve such a rate is very simple: The sender just sends n halfs of maximally
entangled states through E(f\@". Then, the receiver identifies which of the maximally entangled
states were transmitted correctly. If more than | Rn| maximally entangled states have been
transmitted correctly the receiver discards enough of them to be left with exactly |Rn]
of them. If less than | Rn| maximally entangled states have been transmitted correctly the
receiver outputs some fail state or,,. Finally, the receiver communicates which tensor factors
contain the | Rn| maximally entangled states (if there were enough of them) and the sender
restricts to those tensor factors as well. We will see that the probability of failure for this
scheme approaches 0 as n — oo.

To do the above strategy formally, we will need to define an instrument and some addi-
tional quantum channels. Consider first the operator W : C? — C? such that

Wii) = {m, if i € {1,2}

0, otherwise,

and the quantum channel I' : B(C?) — B(C? ® C?) given by
1
['(X) = Adw (X) @ [1)(1] + <3|X\3>§2 ® [0X0l.

Furthermore, for every n € N and i1,...,i, € {0,1} we define an operator U,
(C?)®" — (C?)®" such that

Uiy (l01) @ - @ Jan)) = ) Jar) @ K) law).

k=1 1:4;=0

~~~~~ in -

Then, we define completely positive maps D;, .. s, : B((C? @ C?)%") — B((€?)®Lhn])

-----

b (idgbmm 2 Tr;@(n—mnj)> oAdy, ., ° (id§" @ Ady, i) s if i1+ -+ > [Rnl,
11 ,ee0tm O'F,n TI”O (ldgn ® Ad<

i1,...,in|) , otherwise,

where op,, € D ((@2)®LR"J) denotes some quantum state. It is easy to check that {D;, i }ii.. .
is an instrument. Finally, we define quantum channels Ej, ;. : B((C?)®") — B((C?)®Lfn])
as follows: If iy +--- 414, > | Rn], then E; _;, by traces over all tensor factors k for which



i = 0 and maybe more until only | Rn| tensor factors survive. If iy + --- + 14, < | Rn], then
E;, .., traces out all tensor factors and outputs o, from above. Now, note that

1 1
(ide ® T 0 Ex)(w2) = (1= Nw2 @ [1)1] + A5 © 2 @ [0)(0],
and therefore we have

Z (Biy...sin @ (Diy...ii,, © (D 0 Ex)®™)) (w§)

:pnwég) 1 _pn)UF,n X OFn,

where
pn = Prob (X; +---+ X,, > |Rn]),

for some sequence of random variables (X%)ren independently and identically distributed
with Prob(X; = 1) = E[X1] =1 — A. Since R < 1 — A we may use the weak law of large
numbers to conclude that p, — 1 as n — oco. Therefore, we have

Flwf, Y (Birin ® (Dig,i 0 (T o BA)®) (057) | = Vb = 1,

as n — oo showing that R is achievable for entanglement generation assisted by classical
backward communication.
O
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