Lecture 7: Measuring distances between quantum states

Lecturer: Alexander Mdiller-Hermes

Quantum information theory (MAT4430) Spring 2021

To analyze protocols in quantum information theory, we need to introduce some quanti-
ties measuring the distance between quantum states and quantum channels. To measure the
distance between quantum states we will often use the trace distance based on the Schatten
l-norm and the fidelity. Another distance measure is the quantum relative entropy, which
we will introduce later.

1 Positivity of block operators and operator inequalities

Recall, that we discussed the following lemma in the exercises:

Lemma 1.1 (Positivity of a block matrix). Let H denote a complex Fuclidean space. For
X € B(H), we have

1y Xt "
<X 1H>€B(H@H)’

if and only if || X ||co < 1.

Proof. By the singular value decomposition there are unitaries U, V € U (H) and an operator
S € B(H), that is diagonal in the computational basis with positive diagonal entries, such
that X = USV. We can then verify that

1y XU\ (VI 0\ /1y S\(V 0
X 1y4) N0 UJ\S 14)\0 Ut}
This operator is positive if and only if

1y S N
<S 1H>GB(H@H).

Finally, we note that there exists a unitary W € U (H @ H) such that

W ]lH S WT _ 1 S1 & 1 S92 DB 1 Sdim(H) ’
S ]ly.[ s1 1 s2 1 Sdim(H) 1
where s; € RT are the diagonal entries of S. This operator is positive if and only if max; s; =
| X|loo <1, and the proof is finished. O

A consequence of this lemma is the following lemma:

Lemma 1.2 (Positivity of a block matrix). Let H denote a complex Fuclidean space. For
X,Y € B(H)" and Z € B(H), we have

X 7zt n
(Z Y)eB(?—L@H),

if and only if there exists a K € B(H) satisfying | K|lcc < 1 and Z = YeKX2.



Proof. Note that the cone B(H & H)™ is closed, and therefore we have

X 7t N
(Z Y>6B(’H@H),

if and only if
(X +elg Al

+
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for all € > 0. Thus, it is sufficient to consider the case where X and Y are invertible. In this
case, we have

X"z 0 (X ZT> Xz 0\ _ 1y X—27ty 2
1 1 - 1 1 .
0 Yz/\Z Y 0 Y2 YT2ZX 72 1y

By Lemma 1.1, this matrix is positive if and only if K = Y=3ZX "3 satisfies 1Ko < 1.
Since the completely positive map Ad,s for

is invertible with completely positive (and in particular positive) inverse, the statement of
the lemma follows. O

We will also need the following operator inequality, which we will prove in the exercises:

Theorem 1.3 (Choi’s inequality). For any positive and invertible operator X € B(C%4)*+
and any positive and unital map P : B ((DdA) — B ((DdB) we have

P(X)™' < P(XTH),

where we used the Moore-Penrose pseudoinverse.

2 Schatten p-norms

The most important norms in quantum information theory are the Schatten norms, i.e., the
non-commutative analogues of the /,-norms. In particular, the Schatten 1-norm, also known
as the trace norm, and the Schatten co-norm, which you know as the operator norm, are
ubiquitous.

2.1 Basic definition and properties

For a complex Euclidean space H, an operator X € B(H) and p € [1,00) the Schatten
p-norm is given by
1X[l, = T [|X[P]V/P,

where | X| = vV X*X denotes the unique positive square root of the positive operator X*X.
It can be shown that
X o = Tim_ (X

coincides with the usual operator norm || X||. For p = 2, we recover the Hilbert-Schmidt norm
| X |l2 = || X || zs induced by the Hilbert-Schmidt inner product on B(H). A useful alternative



expression of the Schatten norms is given in terms of the singular values s1(X),...,sr(X)
of the operator X € B(H), and we have

P

R 1
Xl = < Si(X)”> ,
i=1

which coincides with the [,-norms of the vector of singular values. The Schatten norms
behave mostly like the [,-norms, and you might want to verify the following standard facts:

e We have the ordering || - [loo < || - |lp < | - |1 for any p € [1, c0].

e The norms || - ||, and || - || for 1/p + 1/¢ = 1 are dual norms with respect to the
Hilbert-Schmidt inner product.

e We have the Holder’s inequality
XY < [[XIplY llg;

for any operators X,Y € B(H) and any p,q € [1,00) satisfying 1/p+ 1/q = 1.

2.2 Fun fact: Extreme points of the unit balls B,, and B,

We will start with the following easy theorem:

Theorem 2.1. Let H denote a complexr Fuclidean space and consider the unit ball
By ={XeB(H) : || X]:1<1}.

Then, we have

Ext (B1) = {|v)w] € B(H) : (v[v) = (w|w) = 1}.
Proof. By the singular value decomposition any operator X € Bj can be written as

dim(H)

X= ) silvi)uwil,

i=1

such that s; > 0 for all ¢ € {1,...,dim(H)} and Z?i:r?(%) s; = 1. This shows that the
extreme points of B; are a subset of the set of rank-1 operators |v)(w| € B(H) satisfying
(vlv) = (w|w) = 1. Finally, it is clear that any such rank-1 operators is extremal since

luw] = (1= A) X1+ AXy
for X1, X5 € By and A € (0,1) implies that X; = X5 = |[v)w]. O
The next theorem determines the extreme points of the || - ||oo-unit ball.
Theorem 2.2. Let H denote a complex Fuclidean space and consider the unit ball
B ={X e BH) : || X||s <1}

Then, we have

Ext (Bx) = U(H),

i.e., the extreme points are the unitary operators U € U(H).



Proof. Consider a X € B(H) satisfying || X||cc < 1. By the singular value decomposition, we
have X = UDV for unitary operators U,V € U (H) and an operator D € B(H) diagonal in
the computational basis such that D;; = s; € [0,1] for each ¢ € {1,...,dim (#)}. Observe,
that every s € [0, 1] can be written as

s = (e”%—ei)

1
2

for some ¢t € R. Using this decomposition for all singular values shows that
1 1
X =UDV = iU(Dl—f-DQ)V: §(U1+U2),

for unitary operators Di, Dy € U (H) diagonal in the computational basis, and unitary
operators Uy, Uy € U (H) obtained as Uy = UD1V and Uy = UD,;V. We conclude that each
contraction can be written as a convex combination of two unitary operators!

Clearly, ||U||s = 1 for any unitary operator U € U(H). Consider now a unitary operator
U € U(H), and assume that there are X1, Xo € B \ {0} satisfying

U=pXi+(1-p)Xo, (1)

for some p € (0,1). By the singular value decomposition, we have X1 = VSW for VW €
U (H) and an operator S € B, diagonal in the computational basis and containing the
singular values si,...,s;4 of X; on its diagonal. We define U’ = VIUW' € U (H) and
X, =VIXoW' € By. Then, we have

U' =pD+ (1-p)X5.

Consider now a normalized eigenvector [v) € H of the unitary operator U’. We find that
= [[U’[v}] < pl(v[Dlw)] + (1 = p) | {v| X'|v)] pzszlvzl +(l-p) <L,

where d = dim (H) and v; € C are the entries of |v) in the computational basis. This implies
that

d d
D_silul* =) loil’ =
i=1 i=1
and therefore s; = 1 for each i € {1,...,d}. By repeating the same argument as above, we

conclude that X; and X9 in (1) are unitary operators. In this case, we can compute
Ly = U0 = pPLyg + (1= p)*Lens +p(1 = p) (X[ + X[X) )
and using that p(1 — p) # 0 we find that
Lixix, +xix) =1
5 ( 182 + Xg 1) = 1y
But an operator of the form 213 — W for a unitary W € U(H) is only itself a unitary
operator if W = 14, since the eigenvalues of 21y — W have modulus strictly larger than

1 when W € U(H) \ {1.5}. We conclude that XXy = 13 and thus X; = X = U. This
means that U is an extreme point of Bu. O



2.3 Induced norms and the Russo-Dye Theorem

Inspired by the operator norm, we can use the Schatten p-norms to define norms on the
space of linear maps L : B(Ha) — B(Hp). We will write

L(x
HLHa—)B = sup M)
veB(a)  7la

for any linear map L : B(Ha) — B(Hp) and «, 8 € [1,00]. These norms have many nice
properties which they inherent from the Schatten p-norms, or get by specializing general
properties of operator norms. For example we have the following properties, which you
might want to prove yourself:

e For any linear map L : B(H4) — B(Hp) and all «, 8 € [1,00] we have
[Llla—sp = [1L"[lg—ar,
where L* : B(Hp) — B(Ha) is the adjoint operator with respect to the Hilbert-
Schmidt inner product, and 1/a+ 1/’ =1=1/+1/p".
e For linear maps Ly : B(Ha) — B(Hp) and Ly : B(Hp) — B(Hc) we have

[L2 0 Liflasy < HL2”B—>7HL1Ha—>67
for any «, 8,7 € [1, o0].

In quantum information theory, we will mostly use the two special cases of @« = 5 = 1 and
a = 8 = co. These norms are closely related to the trace norm and the operator norm, and
they behave particularly nicely when applied to positive maps:

Theorem 2.3 (Russo-Dye). For any positive map P : B(Ha) — B(Hg), we have
[Pls1 = [[P*loo—soo = [[P* (T#15) [loo-
In particular, | P||1—»1 = 1 if P is positive and trace-preserving.
Proof of Theorem 2.3. Using the duality of the norms |[||[1—1 and || ||co—s o0, it Will be enough

to show that
[ Plloosoo = Sup [P(X) oo = 1P (L314) [[oo-

for any positive map P : B(H4) — B(Hp). Since By is convex and compact, the supremum
is attained in an extreme point of B, and by Theorem 2.2 we know that these are the unitary
operators. Therefore, we have || P||co—o00 = ||P(U)||s for some unitary operator U € U (H 4).

Note that
da

1y, UMY\ 1 N i

i=1
where U = Z?:l Ailvi)Xv;| is the spectral decomposition of U. Since |\;| < 1, we find that
My is separable, and that

:
(id2 ® P) (My) = <PJ(3]2[7}/)*) ;&Zb) > 0.

By Lemma 1.2, we have
1 1
PU) = P<]1HA)2KP(]1HA)27
for some K € B(Ha) satisfying || K ||cc < 1. We conclude that
1
IPU) oo < 1P (L20,) 2 12N K lloo < 1P (L204) oo

1
since [|X2 |0 = || X |2 for any positive operator X.



The Russo-Dye theorem is sometimes stated in an alternative form, which we point out
for completeness:

Corollary 2.4. For any positive map P : B(Ha) — B(Hp), we have
[Pll1-1 = max{||[P(jo)w])l1 : |v) € Ha, (v]v) =1}.
Proof. Since P is positive, we have
1P (L3p) [loo = max{(v|P* (L3) [v) = |v) € Ha, (vlv) =1}

For any |v) € Ha, we have

(V| P* (I3) [v) = Tr [P (Jv)Xv])] = [|P (Jv)v]) [I1,
since P (Jv)v]) € B(Hp)™. O

Another important corollary of the Russo-Dye theorem is the following;:

Corollary 2.5. The trace norm is contractive under quantum channels, i.e., we have
17X < X

for every quantum channel T : B(Ha) = B(Hp) and any X € B(Ha).

3 The trace distance

When using the trace norm to measure the distance between quantum states p,o € D(H),
we will often speak about the trace distance ||p—ol|1. Note that ||[p—o||1 < 2 with equality if
and only if supp (p) L supp (o). Some authors define the trace distance as the norm distance
with a factor 1/2 such that the maximum distance of two quantum states is 1 rather than
2. We will occasionally do so as well. The following lemma contains two useful properties of
the trace norm, which we prove in the exercises:

Lemma 3.1 (Some properties of the trace norms). Consider an operator X € B(H) and
normalized vectors ), |¢) € H. We have:

1 |IX 1 = sup{[(U, X)ms| = U U (H)}
2. |lal)w| —blo)gllh = v/(a+b)? — dabl(y]@)| for any a,b € R*.

3.1 Operational interpretation: Quantum state discrimination

The trace distance between quantum states is the quantum analogue of the statistical dis-
tance between probability distributions p,q € P () given by

lp—alli = Y Ip(z) — a(2)].

TEL

As the statistical distance quantifies the maximum probability of discriminating between p
and ¢ in a one-shot setting, it is not surprising that the trace-distance can be interpreted in
the same way. Consider the following scenario:



Scenario: State discrimination . Two researchers Alice and Bob are given the following
task visualized in Figure 1. Alice has a device with two buttons labeled “0” and “1”. After
pressing the button “0” the device emits a particle in quantum state py € D (#H), and after
pressing the button “1” the device emits a particle in quantum state p; € D (). Bob catches
the emitted particle and measures it using some POVM. Then, he tries to guess whether
Alice pressed button 0 or button 1. Assume that Alice presses button “0” with probability
A € [0,1] and button “1” with probability 1— A, then, what is the optimal success probability
of Bob’s guess?

jcf/
A

Figure 1: Alice and Bob at work.

Let us consider the case of some POVM p : {0,1} — B(H)", which Bob could measure,
i.e., the operators p(0) and p(1) are positive semidefinite and add up to 14. Furthermore,
we assume (without loss of generality) that the outcomes “0” and “1” of this measurement
determine exactly whether he guesses that Alice pressed the corresponding button. Using
the POVM formalism, we compute the success probability as

Psuce () = AMp(0), po) s + (1 = N){u(1), p1) rs-

How large can this probability be? The following theorem gives an upper bound and shows
how to achieve it:

Theorem 3.2 (Holevo-Helstrom). Let H denote a complex Euclidean space and po,p1 €
D(H) a pair of quantum states. For any A € [0,1] and any POVM p : {0,1} — B(H)", we

have
1

Mu(0), po) s + (1 = A)(u(1), p1)us < 5T %H)\Po — (1 =Np1lh-

The upper bound is achieved by the PVM jiop = {0,1} — Proj(#H) such that p(0) is the
projector onto supp (Apo — (1 — X\)p1)™) (where -+ denotes the positive part in the Jordan-
Hahn decomposition! ).

Proof. Any binary POVM g : {0,1} — B(H)" can be written as

14— X
and (1) = L=,

_]l'H—I—X

1(0) 5

for some contraction X € B(H) satisfying || X||o < 1. Inserting this decomposition into the
formula for the success probability shows that

Ma(O0), pobirs + (1= MU, pids = 5 + 30X Ao — (1 = Npi) s

YFor H € B(H)sq with Jordan-Hahn decomposition H = X1 —X» with X1, Xo € B(H)" we have HT = X;.




Now, we note that

(X, 00— (L=X)p1)us < sup (U, Apo — (1 = N)p1)ms| = [[Apo — (1 = A)p1ll1,
Uel(H)

where we used the fact that the unitaries are the extreme points of the || - [|s-unit ball and
Lemma 3.1. Since the set of unitaries U (H) is compact, the supremum is attained. The
optimal unitary Ugpt is the one flipping the signs of the negative eigenvalues of the operator
Apo — (1 — A)p1 and we see that

1y + U
Hopt (O) = %a
which is the projector onto supp ((Apg — (1 — A)p1)™). O
Scenario: Discriminating states from an ensemble . In the previous scenario, Bob

received a quantum state pg with probability A and a state p; with probability 1 — A. Let
us now generalize this scenario to more than two quantum states: Again, Alice is in the
position of a device with n € IN buttons. After pressing a button “i”, the device emits a
particle in quantum state p; from some set {p1,...,pn} C D(H) of quantum states. Again,
Bob catches the particle, measures it using a POVM p : {1,...,n} — B(H)" and guesses
that Alice pressed button j if he received that outcome. Assuming that Alice presses the
buttons according to a probability distribution p € P{1,...,n}, what is the optimal success
probability of Bob’s guess?

Again, given a particular POVM g : {1,...,n} — B(H)™", we can express the success
probability by

psucc(ﬂ) = ZP@W(Z)vl)z)
=1

In the following, we will denote by opt ({p;, pi}~,) the optimal success probability achievable
by Bob’s measurement, when Alice chooses the states p; with probability p;. The collection
of probabilities and corresponding operators {p;, p;}-; is also called an ensemble of quantum
states.

Contrary to the previous scenario, it is more difficult to analyze this expression. In
particular, there is no easy closed formula for the optimal guessing probability. Instead, the
optimal guessing probability can be expressed as a particular convex optimization problem
known as a semidefinite program (or SDP for short). Such optimization problems can be
solved efficiently (i.e., their runtime scales at most polynomial in the size of the problem
and the inverse of the desired accuracy). We will not go into the details of this, but instead
prove the following remarkable fact, that there actually is a very simple measurement Bob
can do, which achieves a pretty good success probability:

Theorem 3.3 (Barnum and Knill’s pretty good measurement). Consider a set {p1,...,pn} C
D(H) of quantum states on a complex Euclidean space H. For any probability distribution
p € Pp, we can define a POVM p: {1,....,n} — B(H)" by

. _1 11
(i) = p72pipip™2 + Llger(y),

where p = > | pipi, and p~ ! denotes the Moore-Penrose pseudo-inverse. This POVM
satisfies the inequality

Zm@(i),mms > (opt ({pis pi}i1))?



Proof. By positivity, we have ker (p) C ker(p;) and hence im (p;) C im(p) for any i €
{1,...,n}. For any X € B(H)", we have

1

1 1 1 _1
<X7P1>HS = <X7 Rm(p)pipim(p)>HS = <P4XP4,P 1pip 4>HS?

where p~! denotes the Moore-Penrose pseudo-inverse. Applying the Cauchy-Schwarz in-
equality, we find that

1,01 1
(X, piys < [lp3 Xpa|2llp™3 pip™ 4 |l2- (2)
Consider now a POVM v : {1,...,n} — B(H)". We have

n n
. 1 N _1 _1
> piw(i), piyus < llpiv(@)pillallp™ 3pipip™ 7 |12
=1 =1

1/2

1/2
- 1 .5 1,9 / - _1 _1,9
< D llpsv()p3 D [V 2727 ) I
=1 =1

where we used (2) for the first inequality and the Cauchy-Schwarz inequality for vectors in
the second inequality. Using that 0 < v(i) < 1y, we find that

Ipiv(i)pt|2 = Tr [u(i)p%u(i)pﬂ < Trlpv(i)],

and therefore

- 1,01 - )
S lptvl)pt I3 < ST [ov(i)] = Trlp] = 1.
i=1 i=1
We conclude that

n n ) ) 1/2
> piv(i), pi) s < (Z |P_4piPiP_4||g> :
i_1 i=1

for any POVM v : {1,...,n} — B(H)". Consider now the pretty good measurement
p{l,...,n} = B(H)" defined in the statement of the theorem. We can compute

. _1 _1 1 _1 _1 _1
pilp(@), piy s = (p~3pipip™ 3, 0" ipipip” s = [lp” ipipip” 13,
Finally, if v : {1,...,n} — B(H)™" is an optimal measurement, then we conclude that
. _1 _1 .
opt ({pi, piti1) = Y piv (i), pi) s < (ZHP 1pipip 4\%) = (ZPZ’<V(Z>7PZ'>HS> ,
i=1 i=1 i=1

which finishes the proof.
O
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