Lecture 8: The Fidelity

Lecturer: Alexander Mdiller-Hermes

Quantum information theory (MAT4430) Spring 2021

The goal of this lecture is to introduce the fidelity, which is one of the most important
distance measures in quantum information theory. We will then express this quantity as
convex optimization problems in two different ways. By doing so, it will be easy to prove
the data-processing inequality of the fidelity, i.e., the inequality

F(T(p), T(0)) = F(p,0),

for all positive and trace-preserving maps 1" : B(Ha) — B(Hp).

1 Definition and basic properties

Let H denote a complex Euclidean space. For quantum states p,o € D(H), we define the
fidelity by
F(p,o) = lvpVolh,

where /- denotes the unique positive square root and || -||; is the trace norm (i.e., the matrix
1-norm). The fidelity measures the distance between the two quantum states, and (using
the definition of the trace norm) it can be written as

F(p,0) = Tr [(péap§>é] .

Note that it is not necessary to have normalized quantum states in the definition of the
fidelity. In general, we define the fidelity

1
F(A, B) = |VAVB|, = Tr [(AéBA;) ] |
for any positive operators A, B € B(H)*. In the exercises we have shown the following

elementary properties.

Lemma 1.1 (Elementary properties of the fidelity). Let H denote a complex Euclidean space
and consider quantum states p,o € D(H). We have the following properties:

1. We have F(p,0) = F(o,p).
We have F(p,o0) = 0 with equality if and only if po = 0.

We have F(p,0) < 1 with equality if and only if p=o.

o e

We have F(VpV1,VoVT) = F(p, o) for any isometry V : H — H' into another complex
Euclidean space H'.

5. We have F(|)|,0) = \/{(¢|o|) for any pure quantum state |1)1| € Proj (H).
6. We have F(p® 1,0 @ ) = F(p, o) for every quantum state T € D(H').

Besides these properties, we note that the fidelity is a continuous function in both its
inputs, since the operator square root and the 1-norm are continuous.



1.1 Expressing the fidelity as optimization problems
Theorem 1.2. Let H denote a complex Euclidean space. For any A, B € B(H)" we have

A Xt

F(A, B) = max{| Tr [X]]| : XGB(H),(X B

> € B(HeH)}.

Proof. By a lemma from the last lecture we have

A Xt .
<X B)eB(HEB”H),

if and only if there exists a K € B(H) satisfying ||K||c < 1 such that X = BrKA:z.
Therefore, we can write

A Xt

sup{|Tr [X]| : X € B(H), <X B

) € B(HeH)"}
= sup{| Tr [B%KA%] | © K € B(H), ||K||o <1}
= max{| Tt [UA%B%} | © U eu(H)},

where we used, in the last step, that the unitaries are the extreme points of the unit ball of
the operator norm || - ||o. Using Holder’s inequality it is easy to see that

| T [UA%B%} | < | A2 B3|, = F(A, B).

On the other hand, if A2B> = VSW is the singular value decomposition with unitaries
V,W €U (H), then the unitary U = WTVT satisfies

| T [UA%B%} | = |A2B% ||, = F(A, B).

Together, these two statements finish the proof.

As a simple corollary, we can rewrite this optimization problem slightly:

Corollary 1.3. Let H denote a complex Euclidean space. For A, B € B(H)" we have

A Xt

F(AB) = max{Re(Tr[X]) < X e B,

) e BH®H)}.

Proof. Clearly, the right-hand-side is less than the fidelity by Theorem 1.2. To show that
they are equal, consider X € B(H) such that

A Xt n
(X B>GB(H€BH),

and | Tr [X]| = F(A, B). Then, for any o € R we have that

A eleXT\ (14 0 A XT 1y 0 +
<emx B >_<0 emm) (X B><0 emiaqy ) € BHEH)T

Choosing a € R such that ‘
Re (Tr [ X]) = | Tr [X]],

finishes the proof. ]



Theorem 1.4. Let H denote a complex Euclidean space. For A, B € B(H)" we have
1 1
F(A, B) = inf{(4,Y)ns + 5<B,Y—1>HS : Y e B(H)™}.

Proof. Note that

<—L ﬂﬁ‘) c B(HoH)*

for any Y € B(H)™t. If
<A X1

+
X B> EBH®H),

for some X € B(H), then we have

OsTr [(? g) <_L }ﬂ’f)] — (A, Y)ms + (B,Y ") us = Tr[X] = Tr X1

and, by Corollary 1.3, we conclude that
Lol 1 1 iy
inf{5 (A, Y)us + 5(B,Y ")us + Y € B(H)™"} > F(4, B),

for all A, B € B(H)". To show that the infimum coincides with the fidelity, we start with
the case where A, B € B(H)'* are invertible. Then, we can define

=

Y = A3 (A%BA%) A2 € BH)TH

and check that L
(A,Y)us = Tr[AY] = Tr [(A%BA%> 2} — F(A, B),

and
_1 1
(B,Y Yyg=Tr[BY '] =Tr [BA% (A%BA%> 2 Aé} =Ty [(A%BA%> 2} — F(A, B).

We conclude that the infimum is attained and coincides with the fidelity in this case.
For general A, B € B(H)" we will use a continuity argument. For every € > 0 and any
Y € B(H)*™" we have

1
<A + elly, Y>HS + §<B + 6]1?-[,Y_1>HS'

| =

1 1 _
§<A, Y)us + §<B,Y s <

Taking the infimum over Y € B(H)™" on both sides and using the previous argument, we
find that

1 1
inf{§<A, Y>HS + §<B,Y_1>HS :Ye B(H)++} < F(A + ely, B+ 6]17.[).

Taking the limit ¢ — 0 finishes the proof. O
In the exercises you will be asked to prove the following corollary:

Corollary 1.5 (Alberti’s theorem). Let H denote a complex Euclidean spaces and p,o €
D(H) two quantum states. We have

F(p,0)? =inf{(p,Y)gslo,Y Vg : Y € B(H)"t}.



1.2 Data-processing inequality and joined concavity of the fidelity

Theorem 1.6 (Data-processing inequality for the fidelity). For any positive and trace-
preserving map P : B(Ha) — B(Hp) we have

F(P(p),P(o)) =z F(p;0),
for all quantum states p,o € D(H 4).

Proof. Without loss of generality we may assume that P*(X) is invertible for any X €
B(Ha)*t. If this is not the case, we can consider the positive maps P. : B(Ha) — B(Hp)
given by P(X) = (1 —€)P(X) + eTr [X]| 1y, for 0 < € < 1 instead, and in the end of the
proof take the limit ¢ — 0 using continuity of the fidelity.

By Theorem 1.4 we have

F(P(p), P(o) = nf {3 (P(p), V) s + 5 (P(0), Y )s © ¥ € B(H)™)
_ mf{%@, PV )s + %<a, Py us ¢ Y € BH)TT)
> inf{%(p, P*(Y))us + %<a, P*Y) Yys : YEBH)TT}

= F(p,o).

Here, we have used Choi’s inequality from the exercises in the second-to-last step (note that
P* is unital whenever P is trace-preserving) and Theorem 1.4 for the final inequality. O

Next, we can prove the joined concavity of the fidelity:

Theorem 1.7 (Joined concavity). For quantum states pi,p2,01,02 € D(H) and X € [0,1]
we have

F((1=MX)p1+ Ap2, (1 = N)o1 + Aoz) = (1 = N)F(p1,01) + AF(p2,02).
Proof. Consider the quantum states
p= (1= A)p1 @ [1)1] + Ao @ |202] € D(H & C2),

and
o=(1-XNo1® 11|+ Aoa ®|2)2| € D(H® @2),

and the completely positive and trace-preserving partial trace map Trg = idyg ® Tr. By
Theorem 1.6 we have

F(Trg(p),Trp (o)) = F(p,0).
Now, note that
F(Trp (p), Trp (o)) = F((1 = A)p1 + Ap2, (1 = Ao + Aaa),

and

F(p,0) = IVpvol = 11 = A)vprv/or @ [1X1] + AVpay/o2 @ [2)2] 1
= (1= MlVeivaill + Alvp2v/o2l
= (1 — )\)F(pl,Ul) + AF(pQ,O’Q).



1.3 Uhlmann’s theorem

The following lemma characterizes the fidelity between two quantum states by using their
purifications:

Theorem 1.8 (Uhlmann’s theorem). Let Ha,Hp denote complex Euclidean spaces and
p,0 € D(H,) two quantum states. For any normalized vector |vpa) € Hp @ Ha satisfying

Trp [N mal] = p, we have

F(p,0) = max{|[(¢paldpa)l : Trell¢paldpall = o}.
Proof. Given normalized vectors |)ga), |¢ra) € Hp ® Ha such that

Trp ([Ypa)vpall = p,  and  Trplldpa)épal] = o,
we can use the data-processing inequality from Theorem 1.6 (for P = Trg) to conclude

[(Ypalppa)l = F(|Ypalvpal [¢paXdpal) < F(p,0).
To show that it is attained, consider a unitary U € U (H4) such that

F(p,0) =Tr [Uy/pVo].

Writing |¢4) = vec(X) for some X € B(Hp,Ha) we find that p = X XT. Using the singular
value decomposition X = VSW we find that

F(p,o0)="Tr [U\/ﬁﬁ}
—Tr _U\/VSQVTﬁ]
—Tr :UVSVT\E}
— T [Uvw(wi SVT)\E]

—Tr [vvwxt \/E]
= <X> \/EUVW>HS = <wEA|¢EA>7

where we introduced

|ppa) = vec (/oUVI) .
We can check that
Trp [|[ppafopall = (VOUVW)(VoUVW)! = o,

and the proof is finished. O

1.4 Relationship between fidelity and trace distance

The following theorem is quite useful:

Theorem 1.9 (Fuchs-van de Graaf inequalities). Let H denote a complex Euclidean space
and p,o € D(H) two quantum states. Then, we have

1 1
1—5\\/)—0”1 < F(p,0) < \/1—1HP—UH%-



Proof. Clearly, the statement from the theorem is equivalent to
2= 2F(p,0) < llp — ol < 2v/T— Fp, 0)2. 1)

The proof will show this statement. For the second inequality of (1), we use Uhlmann’s the-
orem to find normalized vectors [tvpa), |¢ppa) € Hr ® Ha satisfying F(p,0) = |[(Yralppa)l-
Then, we have

lp—olly = [ Tre ([YpaXdpall — Tre (l9paXopall lh < [[[YEaXvEal — |9paNdRAll]L,

by the Russo-Dye theorem. Using a result from the exercises, we conclude that the right-
hand-side equals

I[¥saXtpal — |ppaXdpallll = 2¢/1 — [(Ypalppa)? = 21/1— F(p,0)2.

For the other inequality in (1) let us restrict first to the case where p and o are invertible.
Recall, the operator

1
Y=p3 <p50p5> Pp72 e B(H)TT
from the proof of Theorem 1.4 satisfying o = YpY, and
<Y’ IO>HS = <Y_170>H5 = F(p,a).

By the spectral decomposition there are normalized vectors |v;) € H and numbers \; > 0 for
any i € {1,...dim(H)} such that

dim(H)
Y= > i)l
i=1
After defining probability distributions p,q € P ({1,...,dim(#*)}) by
pi = (vilplvi) and ¢ = (vi|ofvi),

we compute

dim(H) dim(H)
> veivai= Y Vwilple) /(Y pY i)
=1 =1
dim(H)
= > N{wilploi) = (Y, p)us = F(p,0).
=1

Finally, note that the linear map T : B(H) — B(H) given by

dim(H)

T(X)= > (il X|vi)|vi)vil,

i=1
is a quantum channel, and we have

dim(H)
lp—=oli =1 T(p) = T(@) i =lp—alh >2-2 > Vpivai =2—2F(p,0),
=1

where we used first the Russo-Dye theorem and in the last step an exercise from sheet 1.
Finally, for general quantum states p,o € D(H), we may consider the invertible quantum
states pe, 0. € D(H) given by

1y
dim(H)’

pe=(1—c)p+e



and
Ty

dim(#H)’

for € € (0,1). From the previous argument, we have

oge=(l—¢€o+e

2 —2F(pe,0¢) < ||pe — ocllr

for any € € (0,1) and taking the limit ¢ — 0 finishes the proof.
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