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Exercise 48
Let n € N and consider A := B(H) as a C*-algebra with unit I (= the identity operator).
Assume A € A is normal and write sp(A) = {A1,..., A\x} where & <n and A\; # Ay for j # j'.

For each j, let f; : sp(A) — C denote the indicator function of the set {\;} inside sp(A), and
set Pj = f;j(A) € A.

We have seen in a lecture that the P;’s are orthogonal projections in A which are are
orthogonal to each other (i.e., P; P} =0 for j # j') and satisfy

k k
Y Pj=1 and Y X\Pj=A
=1 j=1

For each j, let Efj denote the eigenspace of A corresponding to the eigenvalue \;, i.e.,
A _

E{ =ker(\I — A).

Show that each P; is the orthogonal projection from H onto E;f‘j .

Exercise 49
Let H be a complex Hilbert space and consider A = B(H) as a C*-algebra.
Set At ={4A e A: A>0}.
a) Show that the following properties of A™ hold:
e At is closed in A.
e If A, Be A" and A € Rt then A+ B € A" and MA € A™.
e I[fAc At N(—A"), then A=0.
o If A, Be A" and AB = BA, then AB € A™.

b) Give an example with H = C? where A,B € AT, AB # BA and AB ¢ A*.

Exercise 50

Let V' be a complex vector space and L : V x V — C be a sesquilinear form on V, ie., L is
linear in the first variable and conjugate-linear in the second.

a) Show that
3

Z ikL(v + iFw, v + ikw) for all v,w € V.
k=0
(This is called the polarization identity.)

L(v,w) =

I

Deduce that if L' is a sesquilinear form on V' such that L'(v,v) = L(v,v) for all v € V, then
L'=L.

b) Define L* : V x V — C by L*(v,w) := L(w,v) for all v,w € V. Check that L* is also a
sesquilinear form on V.

Deduce that L is self-adjoint, that is, L* = L, if and only if L(v,v) € R for all v € V.

c) Let H be a complex Hilbert space, S € B(H) and let Lg : H x H — C denote the
sesquilinear form on H given by Lg(&,n) := (S(&),n) for all {,n € H.

Check that (Lg)* = Lg+. Deduce that Lg is self-adjoint if and only if S is self-adjoint, if and
only if (S(£),&) € R for all £ € H.



