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Exercise 32
Consider the commutative Banach algebra A = C (2, F), where Q is a compact Hausdorff
space. Let wp € Q and define ¢ : A — F by ¢(f) = f(wp) for f € A.

a) Check that ¢ is a continuous algebra-homomorphism from A into ' (considered as a Banach
algebra) satisfying ||¢|| = 1.

b) Consider the closed ideal of A given by J = ker ¢. Show that the Banach algebra A/7 is
isometrically isomorphic to F.

Note: Two algebras are said to be isomorphic if there exists a bijective algebra-homomorphism
between them; the inverse map is then necessarily an algebra-homomorphism, as one can easily
check. Two Banach algebras are said to be isomorphic if there exists a bijective continuous
algebra-homomorphism between them; the inverse map is then an algebra-homomorphism
which is continuous (as follows from the open mapping theorem). Note that such an
isomorphism between Banach algebras is not isometric in general.

Exercise 33
Let A be a non-unital Banach algebra over F. Set A = {(a,0) |a € A, € F} and define
addition, multiplication by scalars and product by
(a,0) + (b, ) = (a+b,a+ B),
A(a,a) = (Aa, Aa),
(a,@)(a, B) = (ab+ ab + Ba, af)
for (a,a), (b, ) € A and A € F. Check for yourself that A becomes a unital algebra with unit

€:=(0,1), and that the map (a, @) — « is an algebra-homomorphism from A into F, with
kernel equal to Ap := {(a,0) | a € A}.

It is usual to identify A with the ideal Ay and to write a + a € instead of (a, ).

We define a norm on A by
la+ ael| == |lal| + |l

for every a + aé € A.

Verify that A becomes a unital Banach algebra w.r.t. || - ||, containing A as a closed ideal.
Check also that the quotient Banach algebra A/A is isometrically isomorphic to F.

Note: From now on, we will use the convention that a unital Banach algebra A always mean a
Banach algebra over C having a unit 14 such that ||14] = 1.

Exercise 34
Let A be a unital Banach algebra. Recall that GL(A) = { a € A : a is invertible in A}.
a) Let a € GL(.A) and note that 0 & sp 4(a). Show that

spa(a™) = {)\_1 | A € spyla) } .

b) Let B be unital Banach algebra and assume that ¢ : A — B is an algebra-isomorphism such
that ¢(14) = ¢(15). Show that sp 4(a) = spg(¢(a)) for all a € A.



Exercise 35

Consider the complex Hilbert space H = L?([0, 1], Bjo11), i), where p denotes the Lebesgue
measure on the Borel o-algebraen Bjg j).

Set A:= B(H), and let M € A denote the multiplication operator given by

M(g)|(t) =tg(t) forallge H andt € [0,1].

Show that sp (M) = [0,1] and that M has no eigenvalues.

Exercise 36

Let S be a nonempty set and consider the unital Banach algebra A = ¢*°(S, C).

Let f € A. Show that sp(f) = f(95).



