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Exercise 6

Let X be a vector space (over F =R or C) and let S be a nonempty family of seminorms on
X. Let 79 denote the weak topology on X induced by S. We recall that 7g is the weak
topology on X determined by the family {p(y )} (0,z)esxx Of real-valued functions, where

P(o,)(y) = o0(y — 2) for all y € X.
Let x € X. Foro € Sand ¢ >0, set B (z) :={y€ X :0(y —x) < }.
Moreover, for z € X, set Vi,.) () :={y € X : [o(y — 2) —o(z — 2)| < ¢}
a) Let z € X and e >0 . Then Vi, ) (7) = BZ(7) C V(s (2):
The equality on the left follows immediately from the definitions. To show the inclusion on the
right, let y € BZ(z). Then
lo(y —2) —o(e—2)[<o((y—2)—(x—2)) =0z —y) <e,

80 Y € V(o) (), as desired.

b) If F'is a finite nonempty subset of S and € > 0, we set
BE(z) :==N,ep Bl(z) ={ye X :0(y—z) <e forall o € F}.
Then the family B, = {Bf(m) : F is a finite nonempty subset of S and ¢ > 0} s a
neighborhood basis at x (for Tg):

Using Exercise 5 we get that the family

n
U, = { ﬂ X/(Zk72k)7€k(x) :neNx,21,...,2n,2, € X and €1,...,6, > 0}
k=1

is a neighborhood basis at = (for 7g). Using part a) we readily get that if U € U, (resp.
B € B;), then there exists B € B, (resp. U € Uy) such that B C U (resp. U C B). The desired
assertion clearly follows.

Exercise 7

Let X = C(R, C) denote the vector space of all continuous complex functions on R, and let
S ={ok : K CR, K compact} be the family of seminorms on X given by

ox(f) =suwpf{[f(t)]: t € K} (f€X)
for each K C R, K compact.
Then this family of seminorms is separating:

Let f € X, f # 0. We have to show that there exists some K C R, K compact, such that
ok (f) # 0. Pick tp € R such that f(tg) # 0, and set € := |f(¢0)|/2. By continuity of the
function |f|, we may find § > 0 such that

|1£()] = |f(to)| | <&=|f(to)|/2 whenever [t — to| < 4.

This implies that ¢ = %ﬂ < |f(t)] whenever t € K := [ty — 0,to + ¢]. It follows

immediately that o (f) > ¢ > 0, as desired.



Exercise 8

Let X, X’ be vector spaces (over the same field F). Let S (resp. S’) denote a family of
seminorms on X (resp. X’) and let 7 (resp. 7/) denote the weak topology on X (resp. X')
induced by S (resp. S’).

Let T: X — X' be a linear map, and consider T as a map from (X, 7) to (X', 7).
Then the following statements are equivalent:

a) T is continuous on X;
b) T is continuous at 0;

¢) For each o' € S’ there exist a (nonempty) finite subset F' of S and M > 0 such that

o (T(x)) < M r;lea;({a(:c)} for all x € X.

The implication a) = b) is trivial. To show that b) = ¢), assume that b) holds and let ¢/ € S".
Set U’ :=o'71((~1,1)) = {2’ € X" : ¢/(2) < 1}, which is a 7/-open neigborhood of 0 in X".
Since T'(0) = 0 and T is continuous at 0, there exists a 7-open neighorhood U of 0 in X such
that T(U) C U".

Using Exercise 6, we can find a finite nonempty subset F' of S and e > 0 such that BX'(0) C U,
ie,{ye X:0(y) <eforalloe F} CU.

Set M :=2/e > 0. Let x € X and set m(x) := max{o(z): o € F'}. To show that c) holds it
suffices to check that o/ (T'(z)) < M m(z). There are two possibilities:

e m(x) > 0.
In this case, we have that m xr = ﬁ(x) x € BF(0) CU. Hence we get that

T(m z) el ie., M;L(I) o'(T(z)) < 1, that is, o/ (T(z)) < M m(z), as desired.

e m(x) =0.
This means that o(x) = 0 for every o € F, and we have to deduce that o/(T'(z)) = 0.
Let A € F. Then we have that oc(Axz) = |A o(z) =0 < ¢ for all 0 € F. Thus
Az € BE(0) C U, so we get that T(Az) € U’. Hence |\ o'(T(z)) = o' (T(Az)) < 1.
Since this is true for every A € F, we must have that o/ (T'(z)) = 0, as desired.

We have thereby shown that b) = c).

Finally, assume that c) holds. Let x € X and let {z,} be a net in X converging to z. To show

that a) holds, it suffices to show that T'(zo) —a T(z), ie., 0/ (T(z4) — T(x)) —4 0 for every

o' € 8, that is, o/ (T(za — x)) —>o 0 for every o’ € S

Let o/ € §" and ¢ > 0. Using the assumption, we may pick a (nonempty) finite subset F' of S

and M > 0 such that o/ (T(y)) < M max,ep{o(y)} for all y € X. In particular, we have that
o' (T(zq—x) <M Iglealg({a(xa —x)} for all a.

We choose now «aq such that o(zy — ) < /M for all 0 € F and all & 2 ap. Then we clearly

get that o/ (T'(zq — 2)) < € for all a 2 o, which shows that o/ (T'(zo — x)) —a 0, as desired.
Thus we have shown that c) = a).



Exercise 9

Let X be topological vector space and let £ : X — F be a linear functional. Then the following
conditions are equivalent:

a) ¢ is continuous on X.
b) ¢ is continuous at some point of X.
¢) sup{Rel(u) |u € U} < oo for some nonempty open U C X.
d) inf{Rel(u) |u € U} > —oo for some nonempty open U C X.
e) sup{|l(u)| | u € U} < oo for some nonempty open U C X.

a) = b): This implication is obvious.

b) = ¢): Assume that /¢ is continuous at o € X. Then £ is continuous at 0 € X. Indeed, if
{ya} is a net in X converging to 0, then (zg + yo) — o o, SO

0x0) + U(ya) = L(x0 + Ya) —a L(z0). Hence £(yq) —a 0 = £(0), and the claim follows.

This implies that Re ¢ is continuous at 0. In particular, there exists an open U C X such that
Rel(U) C (—1,1), and it clearly follows that ¢) holds.

¢) = d): Assume that ¢) holds. So there exists some M € R and some nonempty open U C X
such that Re /(U) C (—oo, M]. Then we have Re{(—u) = —Rel(u) € [-M,o0) for all u € U.
Thus, V := —U is a nonempty open subset of X such that inf{ Rel(v) [v e V} > —-M > —o0,
showing that d) holds.

d) = e): Assume that d) holds. We may assume that m := inf{ Rel(u) | u € U} > —oc0 for
some nonempty open neighborhood U of 0 (because if it happens that 0 ¢ U, then we just pick
any xg € U, and replace U by U’ = U — xy).

By continuity of multiplication by scalars, we may pick 4 > 0 and a nonempty open V C X

such that Av € U for all A € B5(0) and all v € V.
Let v € V and pick » € (0,6). Then for all t € R we have re®v € U. Thus we get

m < Re(f(reit v)) = Re(reit ((v))

for all t € R. Choosing t such that e £(v) = —|{(v)| gives m < —r [€(v)], so [£(v)|] < —m/r.
Since this holds for every v € V, we get

sup{ [¢(v)] | v eV} < —% < 0,

so e) holds.

e) = a): Assume that e) holds. By translating U if necessary, we may assume that
M :=sup{ |{(u)] | u € U} < oo for some nonempty open neighborhood U of 0.

Let x € X. To show that ¢ is continuous at x, let {z;} be a net in X converging to z. Pick
0 < r < 1 and an open neighborhood V' of 0 such that Av € U for all A € B,(0) and all v € V.

Let € > 0. Set
Wi=e (s )2V
=c M+r+1

Since W is an open neighborhood of 0, we may find iy such that (x; — ) € W whenever i 2 ig.

Now, as 377577 < 7, we have that 5755V C U, which gives that W C M—i:+1 U.



Hence, we get that

(.’L’i — CU) € ﬁ U whenever ¢ z 'i() .
T
Thus,
er

whenever i 2 ig. This shows that ¢(x;) —4 ¢(x). Thus we have shown that ¢ is continuous at
x. It follows that a) holds.

Exercise 10
Let X be an infinite-dimensional normed space.

a) Let U be a weakly open neighborhood of 0 in X (i.e., 0 € U C X and U € Tweak). Then U
contains an infinite-dimensional subspace of X.

If U = X, then the assertion is trivial. So we may assume that U # X. Exercise 6 gives that
there exist € > 0 and 1, ..., p, € X* such that

ﬂ{x € X:|pjx))<e} CU.
j=1

In particular, we have ﬂ?zl kerp; € U # X. Now, consider the linear map L : X — F"
defined by

L(z) = (p1(2), .- ., ¢n(2))
for all # € X. Then ker L = ();_; ker p; C U, and L(X) # {0} (otherwise, all the ¢;’s would
be equal to the zero functional on X, so we would have ker L = X C U # X, a contradiction).
We claim that the subspace ker L is infinite-dimensional:

Assume (for contradiction) that ker L is finite-dimensional. Since X is infinite-dimensional,

we must have that ker L # {0}. Pick a basis v1,..., vy, for ker L and a basis rq,...,r, for
L(X) (so 1 <p<mn). Next, pick uy,...,u, € X such that L(uy) =r; for k =1,...,p. Then
one easily checks that X is spanned by the vectors ui, ..., up,v1,...,vy. Hence X is finite-

dimensional, which gives a contradiction. Thus, ker L must be infinite-dimensional.

As ker L is contained in U, the desired assertion is proven.
b) The weak topology on X does not coincide with the norm topology.

Assume (for contradiction) that these two topologies agree. Let U denote the open unit ball in
X,ie U={x € X :|z| <1}. Then the assumption gives that U is weakly open, so U
contains an infinite-dimensional subspace of X, say M. Pick v € M, v # 0. Then Av € M for
every A € F, i.e., |A|[|v]| = || \v|| <1 for every A € F. This implies that |[A\| < 1/||v| for every

A € F, which is impossible.



