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3.1 See end of book.

3.4 Suppose that f is alternating. If o € S} simply switches two elements
and leave the rest fixed, then sgn(c) = —1 so the claim follows. Next suppose
that of = —f whenever ¢ simply switches two successive elements and leave
the rest fixed. Every o € S, may be written as a product ¢ = oy, - ... - 01 of
such permutations (prove it!). We then see that

of =(=1)"f =sgn(om,) - ... -sgn(o1) f = sgn(o) f.
3.5 Suppose that f is alternating. Then if 4 < j and if v; = v; we have that

f(vla oy Uiy oy Uy "'avk) = 7f(fU17 ooy Ugyeeny Uiy "'avk) = 7f(fU17 <oy Uiy ey Vg "'7vk)7

50 f(v1,.Viy ey Vg oory Ug) = 0.
Suppose next that f satisfies the equality condition. Then
(UL ooy Ui Uy ooy Uj A+ Uiy ooy Uk
(UL ooy Wiy oy Wy ooy W) + (UL, oy Uiy ooy Uiy oy U
(Wis ooy Uy ooy Wy ooy U) + (UL, oy Uy oo, Uy oy UR)

(UL ooy Wiy ey Wy ey W) (UL, ey Uy oy Uy oy U

Now use 3.4.

84



§5

5.1 (a) Consider the topological space X consisting of two disjoint copies of
R, and denote them by R; and Rs. Define a map p : X — S as follows: on
Ry \ {0} we set p(z) = x and for 0 € Ry we set p(0) = A; on Ry \ {0} we set
p(xz) = z and for 0 € Ry we set p(0) = B. Then the quotient topology on S
coincides with the topology given in the problem.

Consider an interval (a,b); C Ry. Then if b < 0 we have that

p_l(p(a’ b)) = (a" b)l U (@, b)2

which is open in X. Analogously, if 0 < a we have p~*(p(a, b)) = (a,b)1 U (a,b)2
which is is open. If a < 0 < b we have that

P~ (p(a,b)) = (a,0)1 U{A} U (0,0)1 U (a,b)2\ {0}

which is open in X. It follows that p : Ry — S is a bijective continuous
open map onto its image, i.e., it is a homeomorphism onto its image. Similar
considerations hold for Ry. It is now immediate that h is a homeomorphism
and that S is locally euclidean.

(b) By (a) we have that p : X — S is surjective continuous and open map;
it follows that S is second countable (see lecure/note about quotient maps).
However, we have that S is not Hausdorff because if (a,0) U {A} U (0,b) and
(a/,0) U{B} U (0,b') are open sets containing A and B respectively, and their
intersection is (a,0) N (a’,0) U (0,b) N (0,’) which is always non-empty.

5.3 We have that ¢4 maps Uy onto the open unit disk {(z,2) : 2% + 2% < 1}
in the (z,z)-plane. With the additional requirement that > 0 we have that
¢4 maps Uy onto the half disk {(z,2) : 22 + 22 < 1,2 > 0}.

We have that ¢, ' (z,2) = (x, —/1 — 22 — 22, 2), and so

(bl O(;SZl(.I,Z) = (7 V 1 7I2 72272)
which is smooth since v1 — 22 — 22 # 0 on ¢4(U14).

5.4 By perhaps having to chose a connected component of U we may assume
that U is an n-dimensional (sub) manifold (of M). Since (U,, ¢, ) is an atlas
there is a {(Uy, o)} such that p € U,. Set V = U,NU and ¢ = ¢o|y. Then e :
V — (V) is a homeomorphism since 1) is the restriction of a homeomorphism

to an open set. We now claim that (V) is compatible with the atlas. For if
(Ug, ¢p) is in the atlas we have that

$a© @5 9p(Ua NU) — R”

is smooth. But now v o (;5/;1 is just the restriction of ¢, o ¢gl to ¢ps(V NUg) so
it is smooth. A similar argument shows that ¢z o1 ~! is smooth. This shows
that (V,4) is compatible with the atlas, but then it is contained in the atlas
since the atlas is maximal.
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6.1 (a) If we had that (R, 1)) were in the maximal standard atlas for R, then
the map 1 o ' would be a diffeomorphism. But ) o ¢~ (z) = z'/% which is
not differentiable at 0.

(b) Set f(z) = 3. Then ¢ o f o ¢~ (x) = (23)V/? = x. Likewise ¢ o f o
Y= Hz) = (*)/? = z. So f is a diffeomorphism.

6.2 Fix a point p € M, and let (U, ), (V,4) be charts around p and gq
respectively. Then

(¢ x ¢) 0igy 0 ¢~ (z) = (x,4(q0))
which is a smooth map between Euclidean spaces.

6.4 Set ¢(x,y, 2) = (z,22+y*+22—1, 2). We have that the rows of Jo(z,y, 2)
are the vectors vy (z) = (1,0,0), va(x) = (22,2y,22) and v3 = (0,0,1). We see
that the rank of J¢ is three if and only if y # 0, so ¢ can serve as a coordinate
system near all points (z,y, z) such that y # 0.

§7

(a) For each z € M we have that g(g—1(z)) = (99~ 1) (x) = e(z) = x, so g is
surjective. If g(z1) = g(x2) then g7 (g(z1)) = g~ (g(x2)) so 1 = x2, and
g is injective.

(b) Since g is a continuous bijection it suffices to show that g is an open map.

So let U € M be open. Then g(U) = (¢g=1)~1(U) is open since g~ is
continuous.

(¢) For x € M we have that ex = z so v ~ x. If z ~ y then gz = y for some
g€ G,and then g 'y =2,s0y ~ . If x ~y and y ~ 2z then g1z = y and
g2y = z for g1,92 € G, and then z = g2(g12) = (g9192)x, so T ~ z.

(d) Let U C M be an open set. Then
i w(v) = | o0,
geG
which is a union of open sets since gU is open, g being a homeomorphism.

(f) Let G = {go, .-, gm }, where go = e. For distinct points [zo], [yo] € M/ ~
we set 2; = gj(xo) and y; = g;(yo); these are then 2m + 2 distinct points.
Since M is Hausdorff there are open sets U; and Vj containing x; and y;
respectively, such that U; NU; = 0,V;NV; =0 if i # jand U; NV; =0



for all 4,j. Set Uy = ﬂjgjfl(Uj) and V = ﬂjgjfl(Vj), and U; = g;(Up)
and V; = g](f/o) Then U; N V; = 0 for all 4,5, and 7 : U; — «(U;) and
e V — 7T(V ) are homeomorphisms onto disjoint open subsets separating
[%0] and [yo] (injective and separating by construction, and open by (d)).

(g) For each point [zo] in M/ ~ Let Uy be a set as constructed as above. For
any coordinate chart (W, ¢) near z¢ we use the homeomorphism

(bo7r_1:F(Wﬁﬁo)—nﬁoﬂ'_l(Wﬂﬁo)

where 71 is the unique left inverse of 7 with image in Uy, as a coordinate
chart near [xo]. Similarly we obtain charts by considering z; € ﬁj and
charts at ;. The charts are compatible since compositions of homeomor-
phisms are homeomorphisms (see also (h)).

(h) If [z] is a point in coordinate charts w(U) N7 (V') where (U, ¢) and (V, )
are charts, then near ¢(z) € R™ the transition map is given by ¥y ogo ¢!
for some g € G which is smooth since g is smooth.

§8

8.1. By Proposition 8.11 we have that

0 ofi 0fa Ofs

F*%Ip a —( )au\F<p)+ 52 )7 ) e + 5 (P )aw|F(p>

0
|F(p> s |F(p)

8.2. Fix a derivation X, = >7_, a; 5> |p. Then if we set ¢(t) = p+t-a with
a = (ai,...,a,) we have that X, = ¢/(0). Furthermore, if we set b(t) = L(c(t))

we have that L. ,X, = ¥/(0), and we have seen '(0) = Y7, Bj(O)%|b(o).
Finally b(O) = 21,-0L(c(0)) = L(c(0)) by the chain rule and the fact that L is

linear; hence it coincides with its derivative.

8.4. Define F(r,0) = (rcos,rsinf) = (x,y). Then

0 . 0
*,(T,@)Ekr,@) = 005(9)%|F(r,9) + Sln(a)afyb(r,o)

_ L2| T ¢2|
/.71'2 + y2 (91‘ (Iﬂ/) /.'L'2 + y2 ay (Iﬂ/)



Further

0 . 0 0
F*7(r,e)%|(r79) = —rsin 0%|F(r79) + 7 cos 087y|F(r79)

D0

8.7. See end of book.
8.8. See end of book.
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9.1 See end of book.
9.2 See end of book.
9.3 See end of book.
9.4 See end of book.
9.5 See end of book.
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11.1 For a point p € S™ and a vector a € T,R""! we have that a € T,5"

if and only if there is a smooth curve ¢ : (—e,e) — S™ such that ¢(0) = p
n+1l o

and ¢’(0) = a (or is represented by the vector a). Set p(z) = > 7] «5. Then
p(c(t)) =1 and so

d

%h:op(c(t)) =2-p-a=0,
here - is the dot-product. So T,,5™ is a subspace of

Ker{a + p-a}.

Since the dimension of this kernel is n and the dimension of 7},S™ is n they must
coincide.

11.3 See end of book.

11.6
(i) Write g(A) = det(A) — 1; then aaTil(A) # 0. Replacing xx; by g we get
by Lemma 9.10 a coordinate chart (U, ¢) near A such that

p(UNSL(n,R)) ={z € ¢(U) : zx; = 0}.



This is an adapted chart, and it follows that (xij)(id)#(k” is a coordinate chart
near A. The izmplicit function theorem says precisely that there is an open
subset U C R™ ~! and a smooth function h on U such that

{wr = h((@7)) 0. j)2ht)s (v35) € U}
is precisely the set of points near A such that g = 0.

(ii) Assume for simplicity that n = 2, and consider a point (A, B) € SL(2,R)x
SL(2,R). Assume further for example that near A we have (k,1) = (1,1),
near B we have (k,1) = (1,2) and near AB we have (k,l) = (2,1). Set 2/ =
(212, T21, T22) and " = (x11, T21, T22) Then SL(2,R)x SL(2,R) is parametnzed

near (A, B) by [h . } { . (,,)]
A\T T12 % 11 B\

T21 22 21 €2

Then we see that in the local coordinates near (A, B) and AB in R? x R? and
R3 respectively, we have that the matrix multiplication is given by

(hA(II) ©T11 + T12 - To1, hA(iL’/) : hB(ZE”) + T12 - T2, 21 - hB(xﬂ) : 55%2)

which is smooth.

§12

12.1 See end of book.

12.2
(a) We have seen that the transition map o dtis given by

bo ¢ (z,a) = (oo (z), J(Wo o (2))(a)).

The Jacobian is then

(b) The determinant becomes

et 101 0.67)(0(p) - det T .9 )(6(9) = (Aet [ F210)

§13

13.1 See end of book.



13.2 See end of book.
13.4 We have that

(F*h)"H(R*) = FTI({h™ (R")}) € FTI({h=1(R")}) = F~' (supp(h)).

Then

supp(F*h) = (F*h)~1(R*) € F~1(supp(h)) = F~ (supp(h)),

where the last equality holds because supp(h) is closed and F' is continuous.

13.6

(a) Fix a point p € N. Then there is a neighbourhood V of F(p) € M and
Q1, ..., @y, such that supp(pa) NV # 0 = a = «a; for some j = 1,...,m. Then
supp(F*po) N F~Y(V) # 0 = a = a; for some j = 1,...,m.

(b) Since p, € C*°(M) it is clear that F*p, € C°°(N). We have supp(pa) C
U, and so F~!(supp(ps)) € F~1(U,). By 13.4 we have that supp(F*p.) C
F~1(ps). Finally, for any p € N we have that

D F'pa(p) = pa(F(p) = 1.
§14

14.1 See end of book.

14.2 Set p(x,y) = >i_, «5 + y;. The tangent space at a point of a hyper-
surface in R™ is defined to be the orthogonal complement of a normal vector at
that point. The gradient of p is normal to 2"~ i.e.,

vp(ma y) = 2(%‘1, vy Ty Y1, 7yn)

is normal at a point (z,y) € S*"~1. Since (—y,z) - (z,y) = 0 it follows that
the vector (—y,z) is tangent to S?"~! at (z,y). Writing the tangent field X =
(—y,x) as a vector field we have that X = —y% + J;a%. Finally, X is even

non-vanishing on R?" \ {0}.

14.9 Suppose f € C° ) Then

Cs(tO
d d
%h:tof(cs(t)) = %h:tof(c(t —=5))) = Xe(to—s)f = Xey(to) f-
14.10 See end of book.
14.12 See end of book.
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15.3 See end of book.
15.5 See end of book.
15.7 See end of book.

§16

16.5 See end of book.

16.6 For g € R™ we have that l[;z = g+ = v+ g for all z € R". So
(lg)s,0 = id. So (Ig)«0A = A for any A € TyR™ and every g € R”, and so any
left invariant vector field is constant.

16.7. We have seen that fl’g" = gA”™ (here the m means matrix-form). For
c(t) = et we have seen that )ty = Al AT = c(H) AT = A%), and it
follows that ¢ is an integral curve for A.

Next consider é(t) = lyc(t). Then é(0) = g. Morover

&(t) =lgud (t) = lguAcity = lg (e« A = (lye(r)) s A = Ag(ay.

which means that ¢ is an integral curve through g.
§17

17.2 See end of book.
17.5 We check (i). We have that

Frlw+nX, =(w+n)F.X, =wF.X,)+ 7(F.Xp) = Fr'wX, + F*1X,.

17.6 This was covered in class (see slides).
§18

18.2 Proof similar to that in 17.5
18.3 Covered in class (see slides).

18.8 See end of book.
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19.2 See end of book.
19.3 See end of book.
19.5 See end of book.

§21

21.3 Let A, B,G be oriented atlases, and consider the relation ~ given in
the problem. It is clear that ~ is reflexive. Suppose A ~ B. Then

I35 = G 5

implies that B ~ A. So we have symmetry. Suppose further that B ~ G. Then
det(J(pa00 ")) = det(J(¢aothy othgoat)) = det(J(¢aothy')-det(J(Ygoot))

which shows that A ~ G. So we have transitivity.

§22

22.4 See end of book.
22.6 See end of book.

8§23

23.1 See end of book.
23.4 See end of book.

§24
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25.3 We show exactness at H*(B). Fix a class [by]. If [b] € Im(:*) it means
there is [ag] such that [iax] = [bg] which means that iay — by = dbx—1. Then
jliag — bx) = d(jbig_1), and since j o = 0 this means that j(by) = d(—jbr_1),
and so [jbg] = 0. This shows that Im(i) C Ker(j).

Suppose next that j*[bg] = 0. This means that jby = dcg_1, and there is
a bg_1 with jbg_1 = cx—1. Then j(dby—1) = jbr and so there is an ax_; with
tay, = dbp_1 — bi. By injectivity of ¢ at level k + 1 we have that day = 0, and it
follows that [b] = i*[ax]. This shows that Ker(j) C Im(7).

§26

26.1 Let w € QF(M). If the restriction to both U and V is zero, it is clear
that w is zero, so i is injective. Let (w,7) € QF(U) @ QF(V). If (w, ) is in the
image of ¢ it means that w =7 on U NV so it is in the kernel of j. If (w, ) is
in the kernel of 7 they are equal on U NV and so they define a k-form on M
whose image under i is (w, 7).

26.2 See end of book.

§27

We consider the sphere S = {x € R"!: ||z|| = 1} for n > 2. We cover S"
by two open sets U} where

U ={z=(r1,....; Tpnt1) € S" 1 Tpy1 # £1}.

We let o1+ : U} — R” denote the stereographic projections. Then @i are
homeomorphisms between U} and R™ (where S™ is endoved with the subspace
topology), and {(Ux, p+)} gives S™ the structure of a smooth manifold.

(a) Prove that U} N U™ is diffeomorphic to R™\ {0}.
(b) Construct a homotopy equivalence between R \ {0} and S~

(c) Compute H*(S™) for k = 0,1,2,... by induction on n > 1 (recall that we
already computed H*(S') so you don’t have to repeat that).
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