THE SNAKE LEMMA AND THE LONG EXACT SEQUENCE

JOHN ROGNES

1. THE SNAKE LEMMA

Lemma 1.1. Suppose that

Al p_9 ¢ 0
Lo ]
0 a g

is a commutative diagram, with exact rows. For ¢ € ker(vy) let s(c) = o’ +im(«) € cok(e), where g(b) = ¢
and f'(a’) = B(b). Then
ker(a) N ker(8) — ker(y) = cok(a) iR cok(B) 7, cok(7)
is exact. If f: A — B is injective and g': B' — C' is surjective, then
0 — ker(a) N ker(8) — ker(y) == cok(a) iR cok(B) N cok(y) = 0

s exact.

2. THE LONG EXACT SEQUENCE
Lemma 2.1. Let
05 A, 5B, %0, >0
be a short exact sequence of chain complexes. Then

o Hy(C)) -%5 Ho(AL) L5 Hy(BY) 22 Ha(CL) -2 Hy 1 (By) — . ..

is a long exact sequence.

Proof. From the commutative diagram

0 A, —T B " o 0
a{ a,l a{
0 A1 Jnot B,_1 E) Ch1——0

with exact rows, and the snake lemma, we get an exact sequence

0= Zn(A) 1% Z0(Bo) 25 Z0(CL) -2 Ap_y/Bpor(A) 7 By /By 1 (By) 278 Gy /B (CL) — 0.
Hence we have a commutative diagram

An/Bp(A) 1" B, B (B.) —2s Cp ) Ba(CL) —— 0

anl 8nl anl
fn—l

0—— Zn1(A) =5 Zo 1(B.) =2 Z, 1 (CL)
with exact rows. Applying the snake lemma again, we get an exact sequence

Ho(A) L5 Hy (B 25 H(C) -2 Hy_ (A 25 Hy (B 25 H,_1(C).
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