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I n t r o : w h a t i s A lgeb ra i c Topology?

W h a t t o s t u d y : p r o p e r t y o f shapes

- a l l o w c o n t i n u o u s d e f o r m a t i o n

"everything i s m a d e o f r u b b e r "

¥ 7 a s # = ← , -
t h i n r i n g c i r c l e

. . . >

thdiodiottinesare
a b o u t d i s t a n c e ,

homeo-morph i sm t y p e , b u t . .



- . - l o o k a t w h a t c a n n o t b e changed

( i n v a r i a n t ) u n d e r c o n t i n u o s d e f o r m .

h o l e
• ~ 0% x I o x Et i

po in t d i s k ring sphere
9 T

h a s a h o l e w i t h s a m e w i t h

( e s s en t i a l l y ) 1 - d i m
2 - d im bdry

boundary
o r , h a s a l oop



H o w t o s t u d y : c o u n t l oops , h o l e s , . .

us ing abs t rac t algebras
↳ g r o u p s , r i ngs , m o d u l e s

g . hEG

¥µf"P¥t" ' "⇐ G
" u n i t " e g = g = g e
" i n v e r s e " g " ; gg ' ' re

1 > m a k e s e n s e o f a b + c E R

f o r a , b , c E R↳ m a k e s e n s e o f a m + m ' E M

a E R , m , m ' E M
→ C a b + c ) o n = a l b i n i s m



M a i n g o a l : t w o f u n d a m e n t a l i n va r i a n t s

1 . fundamental g r a y t o l l s , p )
[pace'[base

p o i n t

c o u n t loops i n 5 start ing l a n d

e n d i n g ) a t p

s 1 . a g r o u p by - - -

O⇐÷⇒÷÷÷&÷÷
÷.
o!

Coco



2 . (singular) homology g r o u p s

Hn ( X ) n = o , 1 , 2 , - - . (
' ° " " -

groups)
c o u n t m a p s

s " -5 X a n d l inearize

i . e . , m a k e s e n s e o f 0 , + o z
,
e t c .

3 . give computable mode ls o f i t , , H n

f o r s p a c e s g i ven by glueing basic

p a r t s ¥¥¥⇒, e t c .

( I

⇐ + FEE



A l o o k b a c k = Cauchy's r e s i d u e theorem

f- ( z ) : me t amo r p h i c f u n c t i o n

e . g . fez)=¥ o n s o m e d o m a i n D C Q

0 : l oop ( c l o s e d c u r v e ) i n D
n o t p a s s i n g po l es o f f

⇒ f f e z ) d z = 2 a i I w i ¥ ¥ ¥ ¥O W : pole o f e z

e ¥ ¥ f i n s i d e 0 winding n u m b e r

R H S : i n v f o r c o n t . d e f o r m o f 0 i n

D l { p o l e s o f f }



s o O H {fez, d z i s a f u n c t i o n a l

o n t h e g r o u p i t , (Dl{poles}, p )

h o u r a ,C D ' {poles}, p) → ¢

c o n c e r t prod. add i t i ve

g r o u p



Ch a p t e r
0

Homo t o p y , homotopy type

B a s i c i d e a : c o n t i n u ou sdefovm.ofshap@audmaps-
saddextracoutiuuouspavam.t

S t ,
f t : X → Y , . . .



Example ( 0 E t E 1 )

- S t = { i x . g ) E 1122,

z - t E V ¥ y 2 E 2 f t }

s o : O E t :
0%0
%1

X = Y

[
f t ( x . y ) = ( t x , t g ) for 2 4 €
f , i §;¥§fo: @ → o o

x



P r e c i s e f o r m u l a t i o n

c o n t . d e f o r m . o f m a p s

X , Y '

. topological s p a c e s

I = C o , ' t ] : u n i t i n t e r v a l ( fo - f , )
h

D e f ( homo topy ,
f o I f , ) e t c .

f o , f , : X → Y c o n t . m a p s

a r e t r o p i c i f 7- F : X X I → Y

c o n t . s a t - f i ( x ) = F- ( x , i ) K E X

5 = 0 - I



( c o n t . ) F
'

. homo- topy b e t w e e n

f o a n d f , If.I¥£¥Y
f ,

~ ) mora l l y : c o n t i n u o u s f am i l y

o f m a p s f t : X → Y b y

f t ( x ) = F l o c , t )

b u t w e d o n ' t h a v e t o w o r r y

a b o u t t h e p r e c i s e t o po l o g y o f

{ f : X → Y c o n t } = Y "
( I → T X )



D e f ( r e t r a c t j shrinking down )

A c X i s a deformat ion

r e t r a c t i f

- I t
'

. X → A ( c o n t . ) s - t .

1 - ( a ) = a f o r a E A

- i d× a n d T a r e h o m o t o p i c

a s c o n t . m a p s X → X

( 7 F : X X I → X
, F C K , o ) = x , Fpc , 1 )e ra )



§€¥¥¥€§ d e f . r e t v .

( I f X = { ( x , y ) : I E f a t yT E 3 }

A = { 1 × 2 1 = 2 } F l e x , g ) i t ) =

( I - f ) r e x , g ) t t l¥
' f

proj.tv#XtoA

¥§¥€¥¥ n o t a f .

r e t v .



( x rent etc.)
D e f ( h omo t o py equ i v a l e n c e X = Y )

X a n d Y a r e homotopy equivalent

i f I f : X → Y s i t

g : Y → X

- f g a n d i d y a r e homo top i c

a s m a p s Y → Y

- g
f a n d i d x a r e homotopic
a s m a p s x → X



-
f -

TO<

g -
f a n d

g
a r e i n v e r s e s

"up t o homotopy" y

fgzidyts.f.tfgi@qy-
Fcy.t)



E x a m p l e : A c X d e f . r e t r a c t .

⇒ A r e X

- i : A → X i n c l u s i o n m a p i c a l - a

-
r

'

. X → A r e t r a c t m a p
( M a ) = a f o r a c - A )

n , t i = i d a ,
s o noth ing t o d o

i t i s homotopic t o i d x b y
C r : × → x )

de f i n i t i on



D e f . X i s contract ible i f

× = P t
t o p . s p .

w i t h o n e e l e m e n t

E x . D K = { I x , . . . . x x ) : K ? t - - + KEE ' t }

c 112K ( c l o s ed u n i t ba l l l d i s k )

A -- {co-o. . . . o ) } c Dk i s def. r e t r .



A d v a n c e d concep t

trapping cyl inder f o r f i x → Y

'

'glue'' o n e e n d o f X X I i n t o

Y using f

M f : ( X X I ) I L Y / I x , ' t ) ~ f i x )

(quot ient s p . by t h i s

¥§/#y equ i v. r e t . )



N e x t : c e l l complexes

B a s i c i d e a : b u i l d s p a c e s b y

glueing b a s i c p a r t s

↳ copies o f D k - R k

E x . s',@IE7f.D' I I[homeomorphism
⇒ DO = pt

(cf.a n o t h e r c o p y
I homotop.o f D '

e q u i v ,



← c o p y o f D2
5 2 : €¥¥§s,

= g l u i n g off?"""Z × D O

← a n o t h e r c o p y
o f 132↳ glueing o f z x D " .k=0, ' 1 2

5%0,0%8%10540118.BE

E v e n t u a l l y i c o m p u t e i n v a r i a n t s

o f × f r o m h o w i t s b a s i c

p a r t s ( c e l l s ) a r e conne c t e d


