
M o r e b a s i c o p e r a t i o n s

I = [ o , I ] : c l o s e d i n t e r v a l

X : topological space
( w i t h o u t c e l l cplx s t r u c t u r e f o r now)

Conee o v e r X : ( c o n t ) , CX )
C X = ( x x I ) l X x { o }

-

collapse t h i s t o a pt

III.÷[¥× {cxxio333ccxdf.fr.



C o n c r e t e homo topy f o ridex 1h11-top>
t ' . C X → { f X x { o } ] } = pt c o n s t . map

F : c x x I → e x II.€#÷€¥÷÷
Fcc#sit), EE) = ( × , s t )

( ×

i n g i c x i m ¥ c x
F- ( ( x , s ) , O ) = ( x , o ) = i t C K , s )

F i l a s ) , ' t ) = ( x , s ) = idc×Cx,s)



suspension o v e r X : S X = CX/Xx{13)

collapse X × { o } a X X I t o a p o i n t

X x { I } c X x I t o a n o t h e r

t¥§§
×

E x . s s ' E s a

Oise:O
s s " = s a t i



J o i n o f t w o s p a c e s : X * Y

X x x = ( X x Y x I ) / equ i v t e l ~

- ( x , y , . 0 ) ~ ( K , g z , O )
f o r

a n y X E X , y , , y z E Y

- ( k i , y - 1 ) r e ( x z , y , 1 ) f o r

a n y X , , x z E X , y E Y

µ§÷¥¥!④
- 1 × 4 9 ' ' t ) - ( k z . y z . S I

X , = K z , Y , = y z , O s t - 5 < 1



A l t e r n a t i v e c l e f .

X * Y E " c o n v e x c o m b i n a t i o n s "

o f s c E X a n d
g E Y

( X x Y x I ) / I
U

i x . g . t ) c→ l1-t)xt§
' L x t o y = x

0 k t ' t y = y

I f X c 112M, Y a I R "

→ X x x c 112Mt" by above c o r r .



S u s p e n s i o n a s j o i n

P rop . S X ± s o * X

# us:FF€ l×
s ° x X = X 1 X

s k e t c h i S X I q u o t . o f C-E . 1 ) x x
U

( t , x )

so*x±×*§÷" I
7 I x , sign I t ) , I t t )

÷¥÷.



Wedge s u m s o f t w o pointed s p a c e s

pointed s p a c e : ( X , o o o ) ( o f t e n × )

s p a c e X a n d a point x o e x
' ' b a s e po i n t "

€ = ( X L I Y I , K o - Y o

[depends o n K o , g o
i n general

x : O @Y u ,
k o y o

→ 0¥04 =L
X (Koyo)

R em X V Y =(X×{yo3)ukxo3xY)cXxY



O f t e n ; t h e choice of K o E X , y o c- Y

d o e s n o t m a t t e r
u p

t o homotopy

s i x e s ' : O . O
1 5 * 1 5 : %¥¥=¥€±¥x¥

v i a §I§ → €1.



S e s h product o f po i n ted s p a c e s

K O E X , y o C- ' f f i x e d

X n Y = (xxyylxxey.fi/#xy,
q ¥ y depends ¥ ¥ ¥
o n c h o i c e o f

p o i n t
basepoints

t.IO#→ ¥8
X M



Examples

. s o n X E X

.io#OE....

*÷÷÷÷¥÷÷.

iii.÷:- s ' n X ± § {xo3@I s ×
e q u i v.

→ €¥iO
i.CO.ID?
F.E



E x e r c i s e smns"£smµ
( c f . b e l o w fo r c e l l cplx structure)

R e m T h e a b o v e c o n s t r u c t i o n s

c x , S x , X * Y , X v i , X n Y

a r e functional i n X a n d Y

i . e - f i X → 2 c o n t i n u o u s m a p

→ S X ¥ 5 2 induced c o n t m a p



(cont.) 5 ¥ = § f o r

X I 2 I s W , e t c .

→ S x → 5 2 → S w

Meapping c o n f o f f : X → Y

( f = C X 1 Y / c a , 1 ) - f o e , "CEX)

X I I I X × E o }

× . L I "⇐€.-¥÷¥⇐



Compatibility w i t h c e l l cplx s t r u c t u r e

( X . S X , X * Y , X v Y , X n Y a r e

b u i l t u p u s i ng t h e s e c o p s :

- t a k e X x Y (w i t h Y = I )
- collapse X x E X } f o r * - O , l , y o , . . .

→ w i l l c a r r y o v e r a l l cplx s t r u c t u r e

from X & Y



I : c e l l eplx w i t h

- t w o O - c e l l s { O } , { I }

- o n e 1 - c e l l e ' = C o , E )

i . e . I - = { o , I } , I ' = I 2 = . . = I

× c e l l cplx → X X I product
c e l l cplx

X x { 0 3 , X x { I } c X X I s u b cp l x



→ C X = (X X I ) 1/11×503)

i s t h e quotient o f t h e C W p a i r

(X X I , X x { o } ) → c e l l cplx s t r .

o h C X

S X : c e l l cplx a s C X / X x E i }

C X : lxox.sc#,,e2xlo.H,e2xE13
Fe l l F e l l ¥ 1

o fi¥a . . . -Ex



\

X * Y ; cel l cplx w i t h c e l l s

enax p t x { 0 3 , pt xemp × { I } , daxempxlo, 1 )
f r o g f r o n t ✓

e:¥¥÷i÷T¥e:

pointed ce l l complex K o e x o c x

→ { k o } x Y . X x { g o } c X x i

Tubcomplexest



X v i : c e l l cplx a s ( {ko}xY)U(X× Ego})
X n Y : q uo t . cp l x

¥l{xo}xYlU(X×Eyo#
Sm has cells /

o n e
O - c e l l e °

o n e M - c e l l e m

→ 5 % 5 " w i l l h a v e

(cplx s t r u c t u r ee ° x e ° ,
m a n , - a , ,

" m e " "

° - c e l l

-
- " x e n

a s smen



H o w t o produce homotopy equivalence

(w i t hou t f o r m a l proofs f o r n o w )

- collapse c o n t r a c t i b l e subspace

× : c e l l complex

A : subcomplex,,qIr¥ti#
q u o t

t h e n t h e c a n o n i c a l
m a p X → X I A

i s a homotopy e q u i v .



X I A

A#, → €
R e m . w e s t i l l n e e d t o give a

"homotopy i n v e r s e "
g : X I A → X

Glueing o v e r a subspace

X o , X , i top. spaces

A < X , i subspace



f : A → X o : c o n t . map

→ X o Uf X , = X o I X , / fca , ~ a
@c-A)

U U

f-c a ¥ aSuppose

- ( X , , A ) i s a C W p a i r

- f , g
'

.
A → X o homotopic

t h e n XoufX, I Xo UgX,



fe l t I ¥ ¥
X o

× '
→ X o × ,

c -


