
H o m o t o p y E x t e n s i o n P r o p e r t y

X : topological s p a c e

A c X
, s u p p o s e w e h a v e a

d e f o r m a t i o n d a t a o n A

(deforming A t o a n o t h e r s p a c e ,

homotopy o f c o n t . map s t o Y, - - )

m , w h e n c a n w e " e x t e n d " t h i s d a t a

t o X ?



-

M o t i v a t i o n : i f A i s c o n t r a c t i b l e ,

doe s A I p t extend t o X E N A ?

D e f . subspace A c X h a s t h e

( a l s o s a y I X . A ) h a s HEP)

hom-olopy e x t e n s i o n property i f ,
✓ Co , I ]

t Y , f o : X → Y , F : A x I → Y s i t .

F l a , o ) = foca) f o r a c - A

7 E : X X I → Y s - t . Feast) = F c a , t )

folk)=FTx, O) f o r a E A , t e I
K E X



P r o p . A c X h a s H E P

⇐ H x E o } ) u ( A x I ) c X X I i s a

d e f o r m a t i o n t e t r a c t

i . e . I t : X X I → l X x E o } ) u ( A x ' t )

5 . t . i d××±= i t

[ i n c l ,
" I = i@Xiao}uAxI

÷i⇐*±



p r o o f ⇒ : t a k e Y = ( x x { o } ) u ( A X I )

f o '

.
X → X x E o } , K H ( x , o )

F ="idA×I": A x I → Y

→ E : X x I → Y does t h e job a s r

⇐ when A i s c l o sed ( a u t o m a t i c

i f X i s Han sdo r f f )

f o '

. X → Y a n d F : A x I → Y
a g r e e

o n A
' ' = " A x { o }



X , A x I c (XxEo})u lA× I ) c l o s e d

a s x x E o }

⇒ get g : (XxEo3)utAxI) → Y

s - t . g ( X , o )
= f o l k ) , g c a , t ) = F l a , t )

key po i n t s ( f o r cont inu i ty o f g )
-

g c o n t C ⇒ g-
' ( c l o s e d set) i s closed

- C c ( X x { o } ) u l A× I ) closed

E ) Cn(XxEo}) , c n C A x I ) c l o s e d



( c on t . ) n o w w e h a v e

X × I F ( X x { o } ) u f A x I ) B Y

TT f ¥ µ ¥
x

E = g r
d o e s t h e j o b . Ds

E x . 0 . 1 5 A c X h a s H E P w h e n A h a s

a "mapping cylinder neighborhood" N i

( c l o s e d ne i g h . o f A i n X ,
7- f : B = O N → A s i t . M f I N f i x i n g - - -

[maj. cy l inder



a - × ¥¥
¥t¥Q#ON closed neigh.

o f A i . e .

A - No c N

i n t e r i o r

2 N = B ,
F : B → A

map

M f = ( B X I UA)/§§¥~f§b1
map cylinder

i

w a n t M f I N id between B x { B and B , A a ' l l



Prop 0 . 1 6 X : c e l l c omp l e x ,

A < X subcomp l ex ( ( X . A ) C W pair)

⇒ A - X h a s H E P

P ro o f

k e y o b s e r v a t i o n : s " - 1 = 2 1 3 " - D h

h a s H E P

€104 → M :
D ' x I

ID'xEo}) u ( s ° x I )



formally ; D " × { o } u s " - ' x I c I R " "
w

" r a d i a l p r o j e c t i o n " f r o m c o , - . - 0 , 2 )

D "⇐⇒÷
÷÷÷±.

→ i÷÷÷÷÷:
boo

f o . . . ; 0 , 2 )

→ U s e t h i s t o get d e f o r m a t i o n t e t r a c t

map f o r l x × { o } ) u ( A x ' t ) c X X I



d e f . r e t r a c t m a p

× " x I → ( x " x {o})u((X"-"UA")xI)=Yn
C l a i m :

X " X I F Y , u ( u D n x I ) / glueing
n - c e l l s o f X I A r e t

glueing m a p :

f o r t h e X - t h N - c e l l o f ×

(DaxEo}) u @D"xI)
c h a r a c t e r i s t i cd µc¥f[my, m a p s o f X

Xn× { o )
f r o m glueing data o f X "



× §¥¥ " "50301×9*1×1
• - o o

po.ae?.eii'oee" ftp.iI
u

→

• IDIOT 8 D ' x I
A

D ' x I
W e h a v e d e f . r e t r a c t m a p

× " X I → ( x " x{o})u((X"-"UA")xI)=Yn
N e x t : "glue" t h e s e r e t r a c t m a p s

t o g e t X X I → ( xx{o3)u lAx I )



O n X " * I i

def. r e t .
x " × I → ( x " x {o})u((X"-"UA") X I )

( l

X4x{o} u X " - ' X I u A n x I

did [ ' i d "

µ. A × I
(X"x{
o}

r e t ,

uU

Ya, = X"-'x{o}uX"-2×1 U An-'* I
)

w e end
u p i n × " x { o } u X " - I I u A × I

- - c o n t i n u e u n t i l w e get . . u X ° x I u A x I



Indiser, subset o f X

- - t h e n X"x{o } u X ° x I u A x I → X"×Eo3UAxI
-

shrink d o w n (XO l A ) X I t o

×°x{o}
def, r e f .

S o w e ge t X " x I → x"x{o} u A x I

compatible w i t h i n c l . X " - ' c X "

~ ) co l l e c t t he se f o r a l l n t o get

X X I # X x { o } u A x I

- d e f . v e #



R e m . collecting homotopy

w e h a v e : de f . r e t r a c t

Id×n× I I i t ' m i . e . fami ly o f.÷÷÷÷:÷÷÷÷÷
÷:""maps ff"':X" X I → X " x I . . .

d e f i n e E f connecting id××, a n d i r

by i i f K E X "
,
t h e n



( x , s ) t cantf t (xg§
={teparcmetvize@

xnxIcXxIyYIpc.s)
c o n n e c t s zntift E In

| • parametrized
" " ' " " " ' " '

"µ-ya,
r'"'ess)

t i l e ,
s))

t oMa-"rlntlx.SI/(-
znftEztn-,
↳ '

-

- -r i o t . - . r t " ( x , s ) = r b c , s )



Applications : homotopy equivalence

r e l a t i o n s f o r operations
- X → X I A f o r c o n t r a c t i b l e

A- e x

- ¥ 1
f o r f t ¥, → X o



Prop 0 . 1 7 X : ce l l complex

A- a X subcomplex, c o n t r a c t i b l e

⇒ n a t u r a l m a p X # X I A i s

a homotopy equivalence
Proof A- C X h a s H E P

T a k e f o = id× : X → X = Y
×

F : A X I → A C X homotopy u

between ida and A- → pt →
ACY

i n g a - E A



W e get E : X X I → X
" "extending

t o = i d× a n d F , Ex,o7=i&cH⇒c

f , 1 × 1 = F i x , 1 ) s e n d s A t o { a , }

n , f , i s X → X I A → X

P G represented by
h a t . m a p f o

c l a i m
'

. g
i s a homotopy i n v e r s e

o f p 1 X I X I A )

- : E implements id× ? g p . De



Prop. 0 . 1 8 X , ce l l complex

A c X , sub complex
X o : t o p . S p a c e

f , g '. A → X o c o n t . maps f I g
homotop.

⇒ X o Uf X , I X o UgX, f- XoHXi/a~gca) )
f o r a C- A

proof F : A x I → X o homotopy b e t w e e n

f a n d
g

→ t a k e X o Up ( X i X I )



K e y o b s e r v a t i o n :

D e f . r e t r . X i a o } U A * I c X , x I

A Xto}
i n d u c e s d e f . r e t r . XoufX, cxou.pl/ixI)

I I x , x 9 o }

X o HffxixI) ' ¥ XoHe(X,x{o}UA#
11AxIUglued¥I€

i . e . m a p . cylinder o f¥÷÷±.
A → X o i f,Xo Of X lF



Similarly w e g e t o f f . r e t r a c t

X o w X , cxou.ph/,xI) s o

9
,
a t X , × { I }

X o U f X , I XoWf(XixI) I XougX,


