
E x e r c i s e s e s s i o n 1

P ro b l em 1 expl ic i t p resenta t ion o f defo rm. r e t r a c t

f o r

§ c @ l { p t } (punctured
t o r u s )s ' v s ' t o r u s 5 1 × 5 '

w e t a k e (112/2)×(112/2) a s a model o f t o r u s T

- r e m o v e t h e point p = 40,0)] (image o f c o , o ) )

- l o o k a t A = { a x , y ) ] i x = ' z o r y = L }
a s the copy o f s ' u s ' t o r e t r a c t t o

(Ictilentified A : boundary÷..io#i...i..e.



t h e map
t : t s p } → A

- c h a r a c t e r i z a t i o n : i n C- ' z , ' z ) x f - I , £ ) ,

( x , y ) l i e s o n t h e r a y f r o m c o , o ) to,Y, RICK,yD)
'

' a l i f t o n t h e boundaryI.tID÷÷
÷I"

* a : # o f "

- c o n c r e t e f o r m u l a

w h e n 1913121 Nbc,y]) = [Tty, Ck , g ) ] /¥#
w h e n 1×17191 Hey]) - l # k e y ) ) 5*7%

0
r i = i da



homotopy b e t w e e n idpqp} a n d i r

'

[inclusion m a p

i d e a : m o v e Lex,y)) t o t a l k ,y ) ) ) o n t h e

Tay between p a n d t a x , y ) ) )

/÷¥¥¥E¥
¥"¥#intermediate):*."" c omb i n a t i o n

c o n c r e t e f o r m u l a : F : ( T i { p } ) x I → T i Ep}

(l't-t)-1¥,) l a y ) ] 17131×1Flex,g],t)={
(H-t)-1¥ )Cx,y)) 1213141



P r o b l e m 1 1

f i x → Y i s a bemotopy equivalence
↳ a d m i t s "homotopy i n v e r s e "

( J : Y → x s i t . fog t i d y, 5f=id×)
⇒ ⇒ g . h : Y → x s i t . fg a i d y, h f = i d ×

⇐
Key observat ion : h f g : Y → X i s homotopy

equivalent t o b o t h g
a n d h

( h f l g I i d×g=g , h l fg ) = h i d y - h

→ g f I h f g f = h f I id×



c o n c r e t e l y
'

.
i f F : X X I → × i s s i t .

F ( x , o ) e x , F ( x , 1 ) = h f e x )

t h e n G : Y X I → X , l y , t ) t o F l g l y ) , t )
s a t i s f i e s G l y c o ) = g i g ) , G l y - 1 ) = h fg (y )

i . e . F gives h o m o t o p y i d , I h f

⇒ F o l g x i d I ) g ives homotopy g = hfg

T o g e t g f = i d ×

gf = h f g f = h f
'¥ idx

Fo l g f x i d e ) hot 'o( fx ide)

w i t h F ' : Y x I → Y giving f g e i d y
F l y,o ) = fg ( y ) , F ' l y, 1 ) = y



(g) = Chfg) = ( h ) = ( f ) - '

c . e u # i . .
f
g ,

h f homotopy equivalences

⇒ f homotopy equivalence

f
g g' I i d , f o r y ' : Y → Y

h ' h f I i d
×

f o r h ' : X > X . a s
before

g"egg ', h " = h ' h Salish, s a m e
assumption
s



P ro b l em 16 S ' = Eos" i s c o n t r a c t i b l e

= S " i s embedded i n t h e " e q u a t o r " o f 54+1

i . e . S " = { C x , , , - , x n + , ) E R " " ' , E # = I }
I

( × , - - - i , I n t , , o ) E 54+1 <1124+2

- topology o f S ' : a s c e l l complex

✓ < s ' i s o p e n
⇒ t h 0 n s " e s " i s open

→ f : S - → X i s c o n t i n u o u s

E ) t n f I s n : S " → X i s c o u t .

F : S ' × I → X i s c o n t i n u o u s

E ) t h F1sn× I : snx I→X i s o u t .



k e y i d e a :

- S - = { G c , , x z . . . . ) : K i E R , X i - 0 except f o r

f in i te ly man y i ,

k ¥ 1 }

c a n b e connected t o l ' t , 0 , 0 , - - - ) by

" :÷÷÷÷÷÷÷÷÷÷÷÷÷.

r n ) w e w a n t t h e m a p lxiikz.tt#,X&)
t o b e homotopic t o ids-



homotopy b e t w e e n i d s - a n d t h e "shift" m a p

f : S - → S ' s ( x , , × z , - . ) H (0,3GHz,-- )

( K t ' l l - t h c o o r d i n a t e i s 0in:÷÷÷:÷÷÷÷÷÷÷:÷.
"÷÷:÷÷:÷÷÷÷÷÷
÷i:."÷÷÷÷±÷÷÷÷"⇐"



F o r m a l definit ion o f homotopy

F : S ' × I → s ' , l o c , . . . ) ↳ (soft), sa l t ) , . . . )
K k f t E 2 - k )

, K K - l ( t )
+ I t ) = { c o s 12k ( t - z -K ) ¥ ) - K k ( I ke tE Ik t ' )

s i n (2k-'Lt-5kt')E).>Ck- , (2-Kt'etesik")

s o F ( ( X i . . . . ) , O ) = ( x , . k z , - - )

F ( ( X i , - - ) , 1 ) = ( O, K , , x z . . . )

F I sn × I ( ( X i ,
- - -

, a n t i - 0 , - - - ) , t )

= (
( × ' ' - - - - K u t i , O , . . . ) f o r te[C€
c o n t i n u o u s fo rmu l a f o r t s , z-(ht t )

↳ c o n t i n u o u s a s s h x I → s '



S o w e get idses I f
F shih

= ( s -→ {Cleo,-.-,})

[ls¥eostx,,-
i . e . { c 1 , 0 , -

- - ) } c s ' i s a deform. r e t r a c t
-

f ; S d → s ' i s homotopy e q u i v . t o

s ' → { ( 1 , 0 , - - - ) }

G d x , , - - ) , t ) = b i n t ¥ , cost# ' K i , cost"z%..

GICK,,-- 1 , 0 ) = ( O , X , , . . . I = fc k , . k z , - - I

G(64 , . - ) , l ) = ( 1 , 0 , . . . )



E t



P r o b l e m 1 8 SM * s " = S m t " - 1 1

key i d e a ' .

- X , x - - - * X i n c a n b e interpreted a s t h e

space o f c o n v e x c o m b i n a t i o n s

t . s c # t t x n , 0 E t i , E t i - I

X i e X i

- S t e s o * s o

;¥§ s o c k a s 2 1 ' }

1 1 2× 1 1 2× 1 c
1123

( 50×50×77/649,0)-(x.950)
( x , y , l ) - ( I g , 1 )



S m * S n c 112Mt' t n - 1 1 + 1

u s { ( C l - t i x , t y i t ) : 0 E - L E I

x c- s " c 112Mt', y c- S " c 112""}
c o n u . C om b i n a t i o n o f ( h t ) >c i t y a n d z

→ ( I - 5 ) ( d - t i r e t ¥
w

-

c o n v e x c o m b . o f X , Y , Z

i e . t , X t t a y + t 3 7

O E t i . I T #



S ' * s ' = 5 3

s i t s o * s o ⇒ s ' * s ' - s±§¥o* s o

8,8¥:@
glue t w o D> along
t h e i r b o u n d a r i e s

5 2 * 5 0 = 5 3 a g a i n a s glueing o f

133 = c 5 2 along t h e i r bounda r i es
c o m e



S M * s " = south-11

- * s o ( Isn't)si¥m*s"=s°m*i¥.opies
by i n d u c t i o n s € E ¥ a s glueing
o f t w o D k t ' E C s k along t h e i r boundaries

{ ( t x , . . - s t a n d : ↳ §,§0 E t E l

( x , i--7kt')E5"}
¥eaof S k X I( I

{ C y , , - - , Ya t , ) : Ey? El} - p u t ' <1124+1


