
Ch a p t e r 1 Fundamenta l g r o u p s

Motivating example (knot group o f t h e t r i v i a l knot )

t a k e a fixed "ring" i n 1133, a n d cons ide r

configurations o f a n o t h e r loop

ring a r o u n d i t

,;µgy
- identify configurations t h a t

a r e c o n t i n u o u s d e f o r m a t i o n s o f

e a c h o t h e r (w i thou t passing

through t h e r ing)"050



→ toughly speaking : t h e n umbe r o f t ime s

t h e l o op g o e s
a r o u n d t h e ring shou l d

b e t h e (only) i n v a r i a n t

P u t o r i e n t a t i o n o n t h e loop a n d t a k e i t

i n t o a c c o u n t

ring
④

"

" §u s .

o n c e i n c l o c k w i s e d i r .
o n c e i n c o u n t e r

= C- l ) - t h i n counterclock-c lockw ise d i rec t ion
- a r i s e d i r .



product s t r u c t u r e o n o r i e n t e d loops

§↳ "08¥"
A B : fo l l ow A f i r s t , t h e n right b e f o r e

"closing" s w i t c h t o B , a n d again

r ight before "closing" 13 c o m e b a c k t o

t h e s ta r t i ng point i n A

→ w e l l - de f i ned u p t o con t i n u ou s deform.



c o n t . ) i f A g o e s a r o u n d t h e ring:-a-
'

't imes
.

:

B - , betimes
, i

t h e n A B ~ Katblitimes
-p...'

a l l i n c o u n t e r c l o c k

d i r e c t i o n

Of" .fi#eOEOo→ OO
B A B "O - t im e s "

u n i t f o r

p ro d u c t

⇒ g e t t h e
g r o u p s t r u c t u r e o f Z



Rem t h i s g r o u p w i l l b e t h e fundamenta l g r o u p

T L , (1123 l r ing , * I

[ b a s e po in t ( d o e s n o t matter)

P a t h s i n topological s p a c e s

X : topological s p a c e
I = Co, ' t ]

D e f , a p a t h i n X i s given by a c o n t i n u o u s

m a p
f : I → x



c o n t i n u o u s deformation o f paths

Def homotopy o f pa ths :

F : I × I → X c o n t i n u o u s m a p
← p a r a m e t e r f o r r o u t . defo rm."

(
p a r a m . o f i n d i v i d u a l paths

s i t . F l o , t ) i s independent o f t

F- ( l a t ) i s a l s o independent o f t

i . e , f , g paths a r e homotopic i f

-7 "cont inuous family" o f paths f t i n X

( F f s ) = F c s . t l ) s t .



(cont.) . f o = f
,
f , = g

- f t h a v e t h e s a m e s ta r t i ng

p o i n t f e l o ) - f l o ) (⇒ geo)-flog)

- ~ s a m e e n d point ¥117-fa)

% C a u t i o n ' . t h i s i s m o r e r e s t r i c t i v e
a,t¥g

t h a n homotopy o f m a p s

(wh i c h h a s n o c o n d i t i o n a bou t

F- ( O s t ) , F ( t - t ) )



H o m o t o p y equivalence r e l a t i o n

D e f . t w o paths fo, f , a r e homotopy Equivalent

i f I homotopy o f paths F : I - I → X s - t .

f o ( s ) = F c s , o ) , f , ( s ) = F c s , 1 )

w r i t e f o I f , f o r t h i s

Prop. homotopy equivalence r e l a t i o n i s

r e a l l y a n equivalence r e l a t i o n ,' i - e . ,

- f I f

- f o z f , ⇒ f , I f ,
- f o I f , , f , I f z ⇒ fo = f z



Proof f a f : Fcs,-11 = fcs, doe s t h e j o b

f o I f , ⇒ f , I f o '

. suppose
F : I - I → X

implements fo I f , ( f i r s t = F c s , i ) , i - o , l )

→ "flip" t h e t - p a r am e t e r
F f s , t ) - Fc s , I t

s a t i s f i e s F f s , 0 ) = f , ( s ) , F f s , 1 ) = foc i )

f o I f , , f , I f , ⇒ f o I f z
'

.

•i§¥
¥Iq,

t a k e F : I + I → x impl. f , re f ,
F ' ' . I - I → x imp'. f , I f ,

d o I a t
"double speed", t h e n F '

a t "double speed"



concrete ly f - " i s , t , = {F's,2 T ) c o s t s } )
F-' C s , 2 T - l ) ( { E t c 1)

wel l-def ined a s a m a p I x I → X

overlapping c a s e s : t = ' z u s c o m p a r e

F l s , ' t ) a n d F-
'

( s , o ) ,
bo t h = f i t s ) 0 k

c o n t i n u i t y i r e s t r i c t i o n o f F " t o I x f o , ' z ]

and I x f t z , I ] a r e cont inuous; t h e s e c losed

s e t s c o v e r I x I ⇒ O K

( F : Y # "x, A , B c Y closed, F I A , F I B c o n t .

⇒ F i s c o n t . o n Y )



Terminology : t h e homotopy classes o f a path

f i n × : e q u i v. c l a s s f o r t h e homotopy

equiv. r e l a t i o n j w r i t e C f ]

Composition o f paths
d e f i n e d w h e n f C I ) - g e o ) ;¥ 0

f . g : f o l l o w f f i r s t , t h e n g

concretely f . g : I → X ,

If-g) ( s ) = {fks) ( o e s e t z )

g ( 2 5 - l ) ( I E S E 1 )



Prop. I f - g ] on l y depends o n C f ) a n d Cg]

i . e , f ? f ' , greg' ⇒ f . g z f '.gs
( f

'

( i ) = f ( l ) = g c o ) = g - ( O ) )

f a t

t.EE#m.n.ff
Pro o f t a k e F . G : I > I → X implementing

f i e f ' a nd g = g ' ; combine t h e m by

H I S , t ) = {Fl-s-t) ( 0 E s e #
G l a s - l , t ) ( I E S E 1 )



we l l - de f i ned a s a m a p : compa re v a l u e s a t

S = } ; F C I . t l a n d G l o , t )

t h e s e a r e a l l f- ( I ) = g e o )

c o n t i n u i t y
'

. I x I=¢o,' z ) X I ) w ( ( I . 1 ) X I )
- -

closed, H i s c o n t . o n e a c h

H l s , o ) = F- 1 2 5 , 0 ) o r 6125 - l , o ) e f f ° g) ( s )

H l s , 1 ) = F- 1 2 5 , 1 ) o r 6125 - l , l ) = f f ! g') ( s )

s o H implements f .
g

I f ! g' Ds



Prop f : I → X path i n X

define a n o t h e r path g by gcs)=fCl-s)
( "flip the paramete r " ) g ( o ) - f i n , gl l )-f lo)

[ f - g) = (const . path a t fc o ) )

( g i f ) = ( c on s t . path a t f- ( i ) ]

P r o o f f o r [ f - g ]

f§¥of") → fco.ie#ngfcq=Rofco1
n o t m o v e f r o m

f c o ,



Concretely : c o n s i d e r I t : I x I → x by

H ( s i t ) = {
f l a t s ) ( 0 E S E ' z )

f- ( 2 T ( I - S ) ) ( I E S E ' t )

i . e . f t i s ) = H i s , t ) i s the path

- g o
f r o m f l o ) t o f l t ) ( O E S E I )

- t h e n c o m e b a c k t o f l o ) ( E s s e r )

t = 0 w e get t h e c o n s t path a t f l o )

t = , w e ge t f .

g
H l o , t ) = f l o ) = H u , t ) homotopy o f paths. #



Rem ( cons t . path a t f c o ) ) . f s f

f . ( c o n s t . path a t f a ) ) = f
-

fo l l ow f a t t w i c e t h e speed

t h e n s t a y a t f c i )

. s o u p t o homotopy, t h e c o n s t a n t paths

b e h a ve l i k e u n i t s o f composit ion

- t h e proposition s a y s gcs) - f u - s ) i s
t h e ' ' i n v e r s e ' ' o f f



D e f . x o E X "basepoint"
a 1 00 1 a r o u n d X o i s a path f : I → X

s u ch t h a t f c o ) = X o = f c i )

T h e fundamental g r o u p i t , ( X . K o ) i s

- a s s e t : { f i loop a round to } / homotopy
o f p a t h s

= { C f ] : f : loop a round K o }

- group l a w : ( f ) (g) = [fog]

s o t h e c o a s t . path a t s c o i s t h e un i t .



Fundamental groypoid o f X :

TC , ( X ) : groupoid w i t h

- underlying " b a s e " space ×

" a r r o w " space { ( f ) : f : [ → x }
( p a t h )

- product o f a r r o w s [ f ) Cg) = ( f . g )
de f i ned on l y w h e n fe l l esco,

i . e . ( f ) h a s " s o u rc e " f e l l , "range" fco,

s o ( f ) I s ] defined when

(source of f ) = ( r a n g e o f g )



X E X ~ ) c o n s t path e x a t x i s

t h e " u n i t a t x "

( e x ) ( f ) = ( f ] = ( f ) l e g ] i f fc o j - x . f i ) = y

[ f . g ) = ( e x ) f o r t h e " i n ve r s e " gcslefcts)

Ig . f ) = f e y ]


