
Comparison o f fundamental g r o u p s a t d i f fe n t basepoints

X : topological s p a c e , k o , z , e X

c a u t i o n : generally t h e r e i s not re lat ion b e t w e e n

I T , I X , K o ) a n d T l c ( X , X i ) b e c a u s e w e c a n

t a k e X = Y I Z
,

K o E Y , K , E Z s o

I , ( X , K o ) = I T , ( Y , K o ) , T i , ( X , s c i )
= I T , ( 2 , X , )

'

. . l o o p starting f rom K o i s connected

↳ m u s t b e contained i n ' l ' c X

B u t i i f K o and K i a r e i n t h e s a m e path-component
7- path h : I → X

,
h i i ) - X i , i : O , 1

t h e n w e g e t

"

' " '¥, ( X . X o ) 1 i t , ( x , x . )



(cont . ) xoo.hn#E'off with 5 6 1 = 4 1 1 - s )

" i n v e r s e p a t h " o f h

t , ( X , x , ) → I T , ( X . X o ) , ( f ) ↳ (h f F ) = ( h ] I f ] [h i ]

- g r o u p homomorphism because (hitch):[coast path]
u n i t a t s c ,

- i n v e r s e homomorphism given b y (g) ↳ [ h i g h ]

Conceptually : T i l X , X ) : i so t ropy g r o u p GE o f t h e

f u n d amen t a l groupoid G = i t , ( X ) { y e a
" r a n g e X o

senerally a group, ;D, h e @ ⇒
=
:" '"'".""}

K ,
K o , > C , E G

' 0 )

b a s e

~ , G?', I G}%, f H h f h ' '
group i s o m .

( I

{ V E G : s o u r c e T = t a r g e t = 3C , }



D e f . X i s simply convicted i f A s c o , >c , e x

7 unique homotopy c l a s s path o f paths f r o m K o t o x ,

↳
' 'at m o s t o n e " ( i n another convention)

i . e .
,

I T , ( X ) h a s e x a c t l y o n e e l e m e n t f r o m K o t o X ,

equivalently
- X i s path-connected ( somet imes n o t assumed)

t h e n ' ' a t m o s t " . .

- IT, ( x , x ) i s t r i v i a l f o r a l l x E X

R e m T i , I X , x o ) N T , (X)#? I f ] , 1h]) m y [ f h ]

i s a f re e a n d t r a n s i t i v e a c t i o n
⇒ i .multiply by T

t e n E T E s @ = .

xo%VX, c o n s t p a t



E x , c o n t r a c t i b l e ⇒ s i m p l y c o n n e c t e d

F : X X I → X homotopy
p t , I R " , D " , - -

b e t w e e n i d x a n d coast-map
f i loop i n X 4 F o f i f I c o n s t .

5 2 €¥¥¥
¥i

s ' n > z i n general

s i r e n ) I n 2 2 ) { X c- M n ( E ) , X X t = I n ,
d e t X = ' t }



N e x t goal : i t , Csl , * ) I 2

t a k e t h e m o d e l s ' = { ( x , y ) E 1122
: * 2 + 4 2 = 1 }

* = ( l , o ) c - S '

c o n s i d e r t h e loop w : I → S ' , s ↳ ( c o s z i t s , s i n 2 1 T s )

w e w a n t t o p r o v e 00×1
- a n y c l a s s i n F i l s ' s * ) i s o f t h e fo rm [co]"

= ( w . . . . o w ] = [ (cos 2 7 n s , s i n 217ns)]

f o r s o m e N E Z

- Cw] " = e 1 = 1 c o a s t . path a t * ] ) e s n = 0

s t r a tegy : l o o k a t " l i f t s "
a s paths I

¥112

f o r loops I £ 5 " ( f c s ) = ( c o s 2 T Fcs)-sin 2 T Fis)))



i .e . w e l ook a t p i I R → s ' , t ↳ ( c o s z i t t , s i n 2 f t )

a n d t r y t o s o l v e f = p
o f

D e f . X : topological s p a c e mascot""?
?i÷÷I÷÷;÷a covering s p a c e o f X i s given b y

X

- topological s p a c e
I

- su r j ec t i ve c o n t i n u o u s m a p p : I → X

s u c h t h a t t x E X I o p e n s e t V a s e :

p-' ( V ) = ;#V i ; V i - I o p e n , V i n v; = p

"II;)

P t v ; : V i → V i s a homeomorphism f o r e a c h i ,

"locally" IT i s X x (discrete set) ; 1510)? -0×1

c a l l s u c h 0 a n evenly covered o p e n
s e t

.

E x . a b o v e p'.IR → s ' i s a covering



iii. " " '"
'

" ' " "

{ ( c o s 2 7 5 , s i a z a s ) :

a C s c b }

l a - b l a t .

p-'( V ) = U ' a t h , b e a )
n E Z ¥



prop p ' . I → X c o v e r i n g , K o E X , Poto)=Xo. W e h a v e

a ) i f f : I → X i s a path w i t h f c o ) = X o t h e n

u n i q u e

F : I → I s i t . f - ( o ) = I o , poF= f rI !

× ÷ i € ¥ ÷ €£ ;

- - - §

l i f t o t h e r l i f t

b ) i f F '

.
I + I → X i s a homotopy o f paths

star t ing a t X o ( F l o a t ) - k o ) t h e n

7- ! E : I x I → I homotopy o f paths

start ing a t I o lifting F ; F = p o
E



prop. w i t h 5' s I R , I o - o ⇒ i t , ( S ' , * ) Z Z

s t e p 1 any
f : I → s ' loop s t a r t i n g f r o m *

i s homotop ic t o w i n : I → S ' f o r s o m e h

s t ) ( c o s 2 7 n s , S i u 27n s )

i . e . ( f ) = ( w ] "

Prop a ) g i ve s a
l i f t I : I → R a s a p a t h

start ing a t I o = O E R ( I l o ) - O )

E l i f t s f ⇒ p (Eci)) = f l i ) = ' t ⇒ Eli) E 2

p u t n - F i l ) , and consider paths

I n : [ → I R , s t o n s ( l i f t o f wn)

I . I I → IR, s t i l l - f ) E l s i e twir ls)



( c o n t . ) t h e n lfth.ee i s a homotopy o f paths

[ l og = ( t - t ) O t t 0 = 0 , fell)=h-tlF¥ t

t .vn#=y -i s a homotopy o f paths b e t w e e n f and w n

Step 2 ( W h ) ( i ( w ] " ) = e : [ c o n s t . path] ⇒ n - O

(w i n ) = ( c o n s t . path] m e a n s t h e r e i s a homotopy

F I x I → s ' b e t w e e n W u and t h e cons t . path a t *

Prop b ) gives a (unique) l i f t I : [ X I → I R

starting a t I o = O j Foss) = Fcs, 0 ) l i f t s Wn,

I , b ) = F l s , 1) l i f t s t h e c o n s t . path.



( c o n t . ) by t h e uniqueness pa r t o f Prop. a ) ,

F , = I n , To = T o i c o n s t . path a t 0

t h e n n c = I n ( 1 ) = #1,0)) shou l d b e 0 = Ecl , 1 ) B

P r o o f o f Prop. : a ) and b ) f o l l o w f rom i.
"foly)"

c , v. y ,
F.?¥'.FI?IxttEfio:Y-sxst.pofoiyi=Fig.o)

7- ! E : Y X I → I s i t . po t = F , F ly,o ) - Fol}
a ) : t a k e Y = p t , t o : pt → I , * t w o ( ↳ f c o , )

b ) : t a k e Y = I , Fo = F starting a t XP (by al)

F Io t ) i s c o n s t (p-'boo) i s discrete,) s o i s Ec i , t I
↳
F l o , t ) = x o

i n I . c o a t . i n t



( c o n t . ) t a k e a n evenly covered V o x ,

s o p-101 = ¥ , V i , V i n t . = D C i t j )

t h F l o , t ) i s a c o n t . map
I → 1540)

s o i t m u s t stay i n Vio 3 - I o ⇒ F l o , t ) - I o

s im i l a r l y w i t h F ( l i t ) ( s t a y c o a s t . a t Foci))

proof o f c ) Y
U

s t e p 1 l o c a l c o n s t r u c t i o n o f E a ro u n d {yo}x I

F i r s t f i x t E I

t a k e o p e n neighborhoods Ngo,-13 Yo , I a g o , t , byo,-1) s t

s e t . F l Ngo.tl/layo.t,byo.t)) C U : evenly covered
neigh. o f F lyo, t )Flaprecisenfinn.)



by compactness 7 - t i , - - . t k s i t . I c

Uk
Ca t i , b t i )

i = ,

t h e n w i t h Nyo = if, Nyo, t i ,
w e h a v e Orto's .-Ethel

s i t . F (Nyoxc t ' s , t ' ;+,]) c V i
'

. evenly c ove r e d open
s e t o f X

i . e , p - ' I o i ) = ¥ , Efi' t i ' ) ; dis j . open s e t s

p : Efi' → U ; homeo .

C o n s t r u c t ¥ : N × I → I a s fo l lows :
9 0

- o n Nyoxtto', t ' , ] : choose (unique) Jo s i t .

Folyde-5%0), F : Nyoxfto',-4] → Elio'
" j , " l i f t o f F '

. Nyoxflo't,']→ Go



F:(Ngo x l a t i , b e i ) ) E #
⇐ even ly covered

f o r i = 1 , - - - , K

p-'coil = Uvf"
J E II c

Vk l a t i i
b t i I.gg#&@lcx
~

i = ' ~

'÷¥¥
±÷÷÷÷¥÷..



- o n {yo} x I t , ' , t ' s ] : c h o o s e j , s-t .FI#eV'I l l1
w e k n o w f r o m prev. step

def ine F : Nyox I t f , t ' s ] → T'!'' a s t h e l i f t

o f F ' . Nyoxfti.EE]→V,

a n d c o n t i n u e u p t o Nyox It'm-i, t 'm ]
'

' I .
. T h e y

-
E : Ny, X I → I well-defied c o n t .

- po E = F o n Ngox I

step 2 uniqueness w h e n Y : { y o }

given a n o t h e r l i f t E- starting a t Jo - Folyo)
,

c h o o s e 0 = t o E - - - E t m = 1 a s before



by i nduc t i o n E = E ' o n { go } x l o , t i ] b e c au s e

both E a n d E ' map { go }x I t i , t i - D t o E ' I i '
i

c and they a r e l i f t s o f Fkyo}xCti, tie,])
Y > { o } controlled

E.E'e€¥ ¥ ,y.QiIF@byFoOAEEij.i.i)
O i

step 3 E we l l - def ined fo r general Y # ¥
w e know how t o c o n s t r u c t Elwy,

* I
t y o

(restriction
t o { g o } x I i s unique

⇒ i f NyonNy, 7/0, t w o clefs o f F o u (NyonNy,) x ' t
a g r e e a



R em a r k s • Prop c ) c a n b e expressed a s

y
¥ &Y

' 9 , 0 1
.

-III t i p : covering
(commutative)

I d

Y x I I s
×

i n other w o r d s , covering map s h a v e t h e homotopy

lifting preperty w i t h respect t o a n y s p a c e Y ;
o r covering m a p s a r e f i b r o u s

• S ' E 1 1 2 1 2 f o r t h e p I o p e r a c t i o n Z N I R
T

contractible
t h i s i s a particular c a s e of the classifying space



Interpretation o f I T , ( 5 1 , * ) E z :

t h e m a p s
s ' → s ' , * # * a r e c lass i f ied (up t o

basepoint - fixing c o n t . d e fo rm . ) by t h e i r winding

humber-s ( h o w m a n y t i m e s do e s a l o o p "go around")

Application
'

.
B r o u w e r ' s f i x e d point t h e o r e m

any c o n t i n u o u s map
h : D ' → D2 h a s a f i xed point
closed 2 - d i s k

i . e . t h 7- age D2 : hbg ) = x h

Proof by cont rad ic t ion : i f t h e r e i s n o such s q ,

w e wo u l d h a v e r : D ' → s ' , 1 -( x ) = x f o r s '

( r e t r a c t i o n o f s ' s D 2 )



- c o n s t r u c t i o n o f t : r b c ) E S ' i s t h e

unique point s i t . s c i s o n t h e "¥0l i n e segment be twe e n h o d a n d M x )

• hex)
( w e l l - defied by X # h o c ) )
n o t e : K E S ' ⇒ t i x ) - K §

- why t h i s l e a d s t o a c o n t r a d i c t i o n :

W
'

. I → s ' ( s t ( c o s 2 7 5 , s i n 2 1 75 ) ) w o u l d be

homotopic t o t h e c o n s t . loop ;

i n D 2 w i s c o n t r a c t i b l e by F : [ X I → 132

F c s , t ) = ( I - t ) W l s ) t t ( l , o ) ooo
then, r o t gives W I c o n s t .

I x ? → s' ⇒ C w ) = e i n t i c s : * )


