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h = g y
'
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t a k e i t s l i f t h t : I → I R s i t . [ ( o ) = o

( uniquely e x i s t s by P r o p . f r o m l a s t t i m e )

qcs + I ) e - M l s ) 1 0 E S E 1 ) a n d gl-5) = -scs)
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Fundamen ta l g r o u p o f d i r e c t p roduc t

P r o p ( 1 . 1 2 ) T L , ( X × Y , G o r g o ) ) ± I T , ( X - K o ) x IT, ( Y , y o )

fc2.li/gfz1,hlz7
P r o o f ( s k e t c h )

generally'. c o n t i n u o u s m a p s 2 ¥ X x Y

E pa i r s o f c o n t . m a p s
2 1 X , z ↳ Y
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- paths i n

- h om o t o p y o f paths i n X x Y
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Prop 1 . 1 4 I , ( s " , * ) i s t r i v i a l f o r n z z

h i ghe r d i m v e r s i o n o f " g§÷¥,
"

s t r a t e g y : s " E (D" H D " ) , ident i fy corresponding

p o i n t s o n S " ' ' =@D "

.FI#jI?
Idry

s '
n , 5 2

a n y l o op i n 5 9 c a n b e "compressed" t o a

loop i n o n e c o p y o f D "

→ u s e c o n t r a c t i o n o f loops i n D "

i f÷÷÷O¥i→÷O÷÷÷÷÷→,



M o r e fo rm a l l y : "

' IL e m . 1 . 1 5 I f X = U A x w i t h µR E I

path-connected o p e n s e t s A , s i t .

- A n n Ap a l s o path- C o n n . f o r x . P E I ,

< X o E M
• E I

A X
,

t h e n a n y loop f i n X starting f rom K o i s

homotopic t o s o m e f , - ---offs, f i loop i n

s o m e A x i starting f r o m X o
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Proof choose O E s o E - . E s p = I s i t .

f- ( C s i - i , s i s ) i s c o n t a i n e d i n s o m e A x ;

(possible by compactness o f I )

g i
'

.

I → A x , n A a i p a t h connecting X o t o fcsi)

A x >"

"§§qf,,, pu t f i = 9 i n - Alesi-"si,)-gi
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P roo f o f Prop 1 . 1 4

s " = A , V A z ,
A i : " s m a l l open neighborhood"

o f D " a t "hemisphere"

e . g . A , = { ( x , s - - - e x u t i ) E S " CIR""', E n t , > - o . I }

A z = { ( x , , - - - , s c a t , ) E S " CIR""', E n t , < 0.1}

s o A- i n A z i s a " sma l l neighborhood" o f

s u - t c s " a t "equator"
( I , O , - - i , O)

L e m ⇒ a n y c l a s s i n i t , ( S " , *") i s o f t h e f o r m

[ f , ] . . . I f k ] , f i loop i n A , o r A z

e a c h f i i s homotopic t o c o n s t . loop i n A i

:



C o t S " ¥ s ' f o r n # /

( i n f a c t ,
S M E s " e , m - n )

Q
.

h o w do w e improve t h i s t o S " I s ' ?
n o t homotopic

↳ w e need t o s o r t o u t t h e r e l a t i o n b e t w e e n

homotopy and f undamen ta l g r o u p



Func to t i a l i t y o f i t ,

o b s e r v a t i o n i f u n d amen t a l g r o u p i s d e f i n e d f o r

( X , x o ) pointed spa c e ( t o p . s p , i t s pt.)

m a p o f pointed spaces : ( X , >c o ) E ( Y , y o )

E c o n t . m a p p : X → Y s i t . poco) - y o

→ m a p p i x : T c , ( X o x o ) → i t , ( Y - y o ) by C f ) ↳ [p f ]

-
w e l l - d e f i n e d '

. f o I f , ⇒ poof, I pof,

- g r o u p
- h o w i y o ( f o o t ) = (yo fo l . l y#

T " t
"compos." a s

compos.
a s coni-map

P a t h poof,
S H y l fo. f i#



t h i s assignment f - p i x i s functora l . .

- 4041×1=4*0/4×1 fo r '( X o x o ) # ( Y , yo) £ 1 2 , 2 0 )

(. Cidx) * = id ' t . ( x o x o )

i e . I X .Xo) AT , ( X , K o ) , y i → p *
i s a functor

(pointed spaces)→ (groups)

Rem w i t h o u t specifying basepoints ,

q : X → Y i nduces groupoid hour. Tc , ( X ) -¥ , (Y)

Prop 1 . 1 7 I f A c X i s a r e t r a c t i . e . , I r : X → A

= i d a t h e n i x . : T i , ( A i k o ) → T a k i k o )s i t . Ticind-map
(Xo c - A 1 i s inject'veA → ×

I f A e x i s a d e f o r m a t i o n r e t r a c t C i r t i d x )
t h e n i t i s a n isomorphism



Homo topy f o r pointed s p a c e s

w e w a n t t o m a k e s e n s e o f c o n t . d e f o r m a t i o n

o f m a p s p t '- CX ,>c o ) → ( Y , y o ) -so t h a t

( f ) *
= ( f i ) * '

.

I , I I . X o ) → I T , ( Y , y o ) ! e t c .

D e f , a basepoint - preen ing h ¥ y o f m a p s

b e t w e e n pointed s p a c e s ( xoxo ) . ( Y , yo): g i v e n b y

Tg : X x I → Y c o n t . s - t . Te s c o - E ) = y o

( m o r e generally i f o r pairs ( X . A ) , ( Y , B )

E : X X I → Y
, I l A x I ) - B )

( X o x o ) = ( Y , yo) i f I (Xoxo ) # (Yoyo )

homotop. i n v. t o e a c h o t h e r by above



S o y o I I , by basepoint - p r e s . h o m o t o p y

⇒ Go ) * - l y , ) *
'

. F i l , s c o ) → I T , ( Y , y o )

w e c a n r e l a x t h i s a b i t '

.

Prop. 1 . 1 8 y ' . X → Y homotopy equivalence

( s o ⇒ f i ' . Y → X , g f i n i d y , t r y = i d x )

t h e n q * : i t , ( X , K o ) → i t , ( Y , poco)) i s a n isomorph.

P r o o f step't suppose ( f t ) + e z
i s a c o n t . family

o f m a p s X → Y ( f r o m I o : X x I → Y )

h ( s ) = p s (sco)#
""pith i n Y ¥ 0 4 , e x , )To l ko )

t h e n G o ) * I f ] ) = f r i g h t fo r ( f ) c-MIX,ko)



Too f
( c o n t . ) x o⇒0¥¥*¥g¥O""'

Y,o f P i ( X i )folkdotoftbco)
w i t h h t ' s ) = h i t s ) ht.@+o f ) . h t interpolates

goo f a n d ho l y, o f ) - T ( a s homotopy o f loops

s t a r t i n g a t p o l k o ) )

⇒ (yo),fCf])- (poof) = ( h -

g . o f . I ] - - Ch] @1)* t f ] ) ( I ]

Step 2 f i x f * : I , ( X , K o ) → I T , ( X , tepko ) ) i s isom,

by step ' t t u f f = (h ) Cf] lhJ=l¥¥
f o r h connecting x o t o t r y ( K o )

x g = i d×



w e got P x : T i ( X o x o ) → I T , ( Y , poco)) i n j .

f i x i t , C Y , poco)) → I T , (X,4qcxo)) s u r j .

1 2
I T , ( X . X o )

step 3 4×1=4*-1 u p t o I T , (X,4qCXo)) I 1 T , ( X . X o )

coming f r o m pa th c o n n e c t i n g K o and µ poco)

sw i t c h t h e r o l e s o f
p and 4 i n step 2 D s



fundamental g r o u p s
o f topological g r o u p s

topological g r o u p G

- top. s p .

)
GxG→M G

, C g - h i g h

G → G , g # g ' ' I- g r o u p c o n t i n u o u s

E x . .
S ' C 1C g r o u p by product of complex

n u m b e r s

- m a t r i x g r o u p s GLn4R) , V e h ) , - - -

- I R " , . . .

T h ' m i t , ( G , e ) i s c o m m u t a t i v e



( ( o r G A h a s n o n c o m m . f u n d . g ro up

→ c a n n o t b e t o p . g r o u p )

E x . Tc , I s ' , * ) I Z C o m m . . . .

Key o b s e r v a t i o n

i t , ( G r e ) x t i ( G . e ) I F . ( G xG , le ,e ) ) # I T, (G,e)
i s equal t o t h e product map o f a , ( G . e )

1 - ( # )
i . e . prod. map o n T c . (G .e ) i s g r o u p h o u r

⇒ I T , (G ,e) i s c ommu t a t i v e
¥1



" ' '-
me .cc , ,e ,

r.a.cc#iixIiaiP-iria.e)
'

( ( f ) ,
C f , ] ) H ( f , - fa )

11

\ ( C f i ) , @qcg.e,) . ( e t , I G , e ) , ( fz ] )
1 1

(er,@s.e, , Cfa)) " ( C f i ) - e t , ( g . e ) )

I n L w

( f , ] o ( f i ) = f f ¥
C I G

m g i v e s r e t r a c t# 1 : G i f G x G , g t 1 g , e )

n d (i i i . l * : F . (G.e ) → T. IG.xG. le .c l ) i s a g r o u p



(cont.)
hom s i t . IM#l i i / * l I fJ) = I f ]

s i m i l a r w i th i z : G → G x G , g ↳ ' e , g )

(C f , ] , Cf.)) = Ii,#,)).li#Cfz])
'

(prod. i n i t , (G, e ) × I T, (Gee )

u n d e r Imc,l*, t h e right hand s i d e g o e s t o

(M o i , I * ( f f , ] ) . (mo i s # f f s ) ) = I f, ] f fz)


