
E x e r c i s e s e t 2 s e c t i o n I . 1

P r o b l e m 3

X i path -connected

i t , ( X - k o ) i s a b e l i a n f o r t h - 7 # e x

⇒ p h : Ti , ( X - K , ) → i t , ( X . K o ) ,
C f ] ↳ Chef. I ]

i s independent o f t h e c h o i c e o f

¥ :#f h (among t h e paths f r o m s c o t o

K , ) f o r a l l s c o , X , E X

s t e p 1 G i g r o u p

G i s a b e l i a n E ) Vg E G a s = idc, f o r t h e
map

XgEAut ( G ) , ↳ (h)--shg''
-

. ' gh - hg E ) g h g - i s h



Step 2 h , h ' : paths f r o m K o t o x ,

G n = ph' A 4h-hi] = idc, i x . X o )
- : a c h . E ] ( I f ] ) - [nab. f o h ' . I ] = pw putt (Cfs)

f o r ( f ) e ¥i¥¥¥peseuts th. ht]- I

s t e p 3
a n y I f ] E IT, ( X . X o ) i s o f t h e f o r m [hot ' ]

f o r s o m e paths h , h ' a s a b o v e

'

. ' by t h e path- c o n n e c t e d n e s s o f X w e c a n choose

a path h ' f rom K o t o x ,

⇒ ( f ) = [ f i h ' . h t ]

t a k e s
,'sanghed



P ro b l em 4

# h o t
star-shaped

s t a r - shaped : N.E
¥ 3 O k

stop' t X - LR" s ta r-shaped w i t h basepoint K o

h : path i n X
,
f r om X , t o e z

⇒ h i s homotopicto t h e p i e c e w i s e
l i n e a r path h ' o h "

W' '

.
l i n e a r path f r o m X , t o X o t.fi#*h " ; l i n e a r path f r o m K o t o X z

• ; c l a i m : f = h i . h . HI i s homotopic t o t h e

c o n s t . path a t X o

fees ) = ( I - t > I s ) + t e (convex c omb i n a t i o n

i n 112") s t a y s i n X



( c o n t . ) h i ! h . T " 1 c o n s t . path ( c l a i m )

⇒ n o t " I h ' ⇒ h I h ' a h "

→¥¥ anti" i f "
s tep 2 X - I R " l o c a l l y star-shaped

⇒ a n y path f i n X i s homotopic t o a piecewise

l i n e a r path h , o - - - o h h , h i '

.
l i n e a r path f r o m

K i t o s c i + l

o u

•
f : I → X c o n t . map

By t h e compactness o f I I 0 = 5 , E S E . - E s n -1 1 = 1

5 . t . f- (Csi , S i t , ] ) i s con t a i n ed i n s o m e

star-shaped sub s e t o f X



( c o n t . ) P u t × ; = f i s i ) f ×

By step 1 , f ly ; ,s i+,) (path f rom x i t o a i m )

i s homolopic t o a piecewise t i n . p a t h hi i

⇒

ten;÷÷÷iiI.
Step 3 X c 112" o p e n ⇒ loca l ly star-shaped

-

. ' E - bal ls i n 112" a r e star-shaped

step 4 X = A , u - - u A k ,
A k C I R " c l o s e d c o n v e x

⇒ l o ca l l y star-shaped
9k¥. @ ¥4



f i x k o E X
, p u t S i = d i s t Coco, A i ) = i n f dcxo.sc)

K e A i

A i c l o s e d ⇒ 8 i > 0 u n l e s s K o e A i

( l oose E > 0 s i t . E L m i n ( 8 ; : 8 ; > o )

s o Be lko ) n A i = ¢ i f I o Cf A i

E - b a l l a r o u n d t o÷.to#......V=Uk(Belxo7nAi)=Bscxo)nX
i t . I

A i N
i s a neighborhood o f K o i n X A s

generic
pt.in-0 → Y E Belko) n A i ⇒ t h e l i n e segment be tween

s c o and y belongs t o Belko) n A i
⇒ V i s star-shaped



"

'conterexample" when the re a r e infinitely m a n y

components X = 8 A i
i s 0

A o = { ( x , o ) : K E I R } c
1122 : " x - a x i s ' .

A n = { I X . t h ) : KE I R } n - - 1 , 2 , - - -

A z

,
§,
" ,€€ , a n y neighborhood of i x . o )

c o n t a i n s b e s t ) f o r n > > I

→ c o n v e x comb. goes outside

o f X



Problem 7

f : §¥I"" " ' "→ 0@oimageofqio.s
): s e t }

homotopy f I idsi× I w h i c h i s identity o n t h e

" i n n e r boundary" S ' x { o }

F : [ x I x Iq → S ' × I
,

I-0, s - t ) ↳ Of + Z i t t s , s )

input f o r p a r a m .
t

f , f t . . . fo r deform.

w e l l - defined, cont . , F l o , s , O ) = ( 0 , 5 ) (ids;±)
F l o , 5 , 1 ) = f loss)

always identity o n 5'x{o}: F l o , 0 , t ) = ( 0 , 0 )



homotopy f I idsi× I w h i c h i s identity o n t h e

"ou te r boundary" S ' x { I }

F : S ' x I x I → S ' X I
,

l o , s - t ) ↳ Of-12711-tu-s)),t)

& @ing#€
image o f { l o , s ) : F E I }
u nd e r f a f , ima t o t f o = I I I ,

f t

w e l l - defined, cont . , F l o , s , O ) - ( 0 , 5 ) (ids;±)
F l o , 5 , 1 ) = f loss)

always identity o n S'x{ l ) : F l o , I , t ) - ( 0 , 1 )



n o homotopy between f a n d ids. , , I t h a t f i x e s po in ts

o f s ' x E o , I }

o b s e r v a t i o n :

- T i s ' × I 1 1 0 , 0 ) r @ , ' t ) "glue t h e boundar ies"

i s homeomorphic t o the}€
¥§[§,¥÷¥€u,

a n n u l u s S ' X I I l o - E

- F i s ' x I x I → s ' - I s i t . F l o , i . t ) = ( O , i ) 5=0,1

wou l d define T x I ⇐ T



Step ' L F ' a s a b o v e i s well-defied, c o n t i n u o u s

generally t h e quotient s p a c e

T = s ' × I 1 1 0 , 0 ) r @ , I )

i s cha ra c te r i zed by V Y t o p . s p .

f ' : T → Y r o u t . ma p
I f ' . S ' x I → Y c o n t . map

5 . t . f - 0 , 0 ) = f c o , 1 )

up t o t h e corresp. f '1110¥) = f l o , s )

↳ F : S ' X I X I → s i x I s i t . F l o , i , t ) = c o , i t 5=0,1

consider S ' X I X I I s ' x I → T

T ' → T ' w i t h
✓ ago)]-10,1)]def ines

"=s÷÷÷÷÷÷÷"÷÷'t*_



Step 2 F ' : T x I → T obta ined a b o v e gives

homotopy o f paths between

@
o¥÷÷÷÷€÷⇒.
following

"

{ o } x I as'xI" following "fko}xI) c s ' x I "

step 3 T h e r e i s n o s u c h homotopy

Up t o i t , ( T , s c o ) = 22 , t h e left loop corresponds

t o ( 1 . o ) a n d t h e right loop corresponds t o ( 1 ,1 )

s o t h ey c a n n o t be homotopic



Prob lem 9

A , , A z , A z - 1123 c ompa c t

f i n d a plane P c 1123
cutting e a c h A i t o t w o

pieces o f equal m e a s u r e .

Step I given a n y qElR3, t h e r e i s a plane

Pq containing q a n d cutting A t , A z t o

(respectively) p i e c e s o f equal m e a s u r e

-

. ' g i v e n × E s ' c 1123 d e f i n e

t i n - v o l u m e ,

#p....,.fi?iO&#
t h e plane through q , orthogonal t o × ,

i n t h e d i r e c t i o n o f x



t h e B o r s u k - 0 1 a m t h ' m gives sag E 5 2 s i t
-

f i ( k a ) = f i t -3cg) ( i = 1 , 2 )

i . e . Pg : plane through q , o r t h . t o 3cg

c u t s A , a n d A z t o pieces o f s a m e s i z e

Steq 2 c h o o s e good q s o Pg also c u t s

A } t o pieces o f s a m e s i z e

c h o o s e a l i n e l s o t h a t Pq d o e s n o t

[ c u t s A i t o equalc o n t a i n l f o r g e l
s i z e s 5 = 1 , 2

p u t o r i e n t a t i o n o n l , define

B + : p a r t o f A z c u t by Pg , o n the "pos." s i d e



B . : p a r t o f A z c u t by Pg , o n the "neg." s i d e

f-( q ) = (measure o f B t ) - ( m e a s u r e o f B . )

t h e n f i g ) m u s t change sign a t s o m e g e l

→ Pg fo r t h i s
g i s t h e required plane


