
Va n Kampen's t h e o r e m ( § 1 . 2 )

M o t i v a t i o n i . s uppo s e X = A U B , and c h o o s e

t o C- A n B ↳ h ow do w e compute i t , ( X . X o )

f rom i t , ( A i k o ) a nd I T , ( B o ko ) ?

- i f A n 13 i s path- connected, a n y
C f ] E T C , I X , >co)

c a n b e w r i t t e n a s C f , ] - - - [ f u ]
,

w i t h

f i E Tu , C A , X o ) o r T l , ( B e ko )

④
B

m ) w e need t o understand t h e

,%*¥r e l a t i o n between t h e images o f
f

t , ( A i k o ) a nd I T , (Bosco) i n I T , ( X . K o )



"easy" c a s e : A n B I { x o } u s t h e r e would b e

n o ( n o n t r i v i a l ) r e l a t i o n b e t w e e n t h e m

1 - A? - B )

× = s , u s ,

→
" - shou ld - c a n dist inguish

0 0
E A u s § o f f u s •

' coast.''"

n g i t , I X , ooo) i s going t o b e "freely" generated

by a copy o f I T , ( A i k o ) and a o n e o f TC, (Bosco)

m o r e i n t r i c a t e : i f A n 13 h a s n o n t r i v i a l t o , ,

t h e images of i t , LAMB, X o ) i n i t , ( A i k o ) and

T i , (Bosco) shou l d b e i d e n t i f i e d i n i t , ( X , x o )

A N D I , # I X



F r e e product o f
g r o u p s

goal : m a k e s e n s e o f a g roup G w i t h subgroups

G i - G z , - . . s u c h t h a t :

- they g e n e r a t e G ( w e h a v e enough)
- n o non t r i v i a l r e l a t i o n among t h em ( n o redundancy)

" t r i v i a l r e e l " : (g.gs/fgI'gi) - g , g ,' ,
e t c .

' ' '9"EG,
92 C-G z

o b s e r v a t i o n i i n part icular w e s h o u l d h a v e i

-

a n y e l e m g c- G c a n be w r i t t e n a s

g
- g , - - -

g u , g i c - G j i
fo r s o m e unique j i



D e f . ( G a ) , e z c o l l e c t i o n o f groups;

- a word ( fo r t h i s collection) i s a n expression

g , g z . - g in
w i t h g i c- G a i f o r s o m e a i E I

(formally a n e l em . o f (FEIG,){" ' " " 3
f o r s o m e w)

- a
reducede word i s a wo r d g , - - -

g u GieGa;)

s u c h t h a t d i f- L i t , f o r i = L , - - , n - l , g i # e

-
t h e f r e e p rod i t o f (Galaez i s t h e s e t o f

a l l reduced words ( + t h e "empty wo rd " e o f

length 0 ) w r i t e ¥±Gx, * ( G a ) , # , e t c .



N o n - reduced w o r d s

g g ' h g , g ' c- G a , h c - Ge

g e
h g e G , e c- Go l u n i t e l e m )

h C-G f
reduced g

h g ' g , g ' c- G a , h c - Gp



Group s t r u c t u r e o n *xf±Gx

w a n t
'

. .
e a c h Gps i s a subgroup o f £ Go

- i n t e r p r e t a reduced w o r d g,--gnE¥Ga
- a s t h e product o f g , , g z , - -

, 9 h

f o r m a l d e f o f (g,-.. g m ) . ( h , - . h n )

g i E Ga i h i c- Gp i

- i f a m # I i
,

t a ke t h e reduced w o r d

9 , - - s m h , - - h , a s the prod.

- i f a m = p , and g m # h i ' , t a k e t h e reduced

wo rd g ,
- -

gm - i Igm h i ) h z - - h n a s the prod.
compufein

Gam



( c o n t . ) i f a m = p , a n d g m = h i ' , l o o k a t

I g , - - - gm-1) ( h z . . h n ) a n d u s e t h e s a m e

algorithm a s a b o v e t o compute t h e prod.

( i n d u c t i o n o n l eng th . ; g i g i ' s e )
empty w o r d

t h e e m p t y w o r d e i s t h e neutral e l e m e n t

( g . . . - g n ) e -

g . . . - g n = @ ( g , - - - g n )

n g t h e r e d u c e d wo rd g i ' - - - g i l b e c o m e s t h e

i n v e r s e o f g ,
- -

g u

(g, - - gntolgi' ---git):(g...-gn.tl/gnii--gi')=---=e



Example: f r e e g t o u p Its'

§ : s e t ( w i l l b e t h e i n d e x s e t " I " )

Gs I 2 1 f o r e a c h s E S'
, g s EG s corresponding

t o 1 E Z

I F , = *sesiGs f r e e group o n t h e s e t S'

= { gsm.gs?i--gsnE:k=o,l,.., s i # s i n , niEZl{03}

- generally . '
group

G w i t h generating s e t s ' C E ,

→ surjective g r o u p hom F g → G , g , → s

gsnigs - - gink ↳ s,"' - --Sun"



G = ( s ' l R )
"q ' I r e l a t i o n

g e n e r a t o r s e t

12 : s o m e s e t o f wo rd s i n l e t t e r s s e S'

e - g . S , 5 2 , 5 , 5 2 5 , ,
- -

F s ) ( R )



B a s i c p r o p e r t y o f f r e e product :

G a B H g r o u p hour f o r e a c h x c - I

= g r o u p h o u r * G , ↳ H

equivalent L E I

u p t o t h e correspondence 41g ) - Pacs) f o r G E G ,

I G , i s t h e Eoproduct o f K a l a i n t h e c a t e g o r y

{ o f g r o u p s ; c o m p a r e
w i t h d i r e c t product

H # J I G , = g r o u p h o u r s H # G ,
i n p a r t i c u l a r G > G o , ( G a b e , generating G

subgrp. I

→ su r j ec t i ve group h o u r * Gin → G
L E I



Hom (¥TG', H ) :{group h o u r ¥ ,G , ↳ H}

I ' t : E

L I , Hom ( G a , H ) = { G a l a z : ya'-Go → H }

q → H a l a T x : P IG,
( f a l s e → p ( g , - - - g i r l =

42 ,1g , ) - - - Ya d s k )
g I E G a i

t i H → K hour trop E Horn #¥2 i k )
I

l@ofNaafLTeIHomlGa.K)



Examples ( inf inite dihedral group)
I . 2 / 2 * 2 / 2 I 2 ¥ 2 2

"
"

$
s e m i d i r e c t prod.

2 / 2 = 7 / 2 2

I
↳
{ i n , g ) : N E Z , G E Z z }( a , b 1 a 2 = e = b 2 )

'

( ( M i g ) . c n , h ) = ( m + n9, g h )
n 9 = - n f o r t h e nontrio. g

( l , g )
2

= ( I - I , g 2 ) e c o , e ) s e
wi th non tv i v. go.kz : (

(O-g)2 = ( o , g- I = e

→ 2 2 * 2 2 → 21,212, a H i i . g ) ,
b ↳ l o , g )

t h i s i s a n isomorphism

( b a t s b- ' = b a e (ab)-' )
% l o , g ) ( l i e ) ( O , g )

' ' = C - l - e )



2 P S L - ( Z ) = 5 h 2 6 ) / { I I , } (modu la r group)

i s isomorphic t o 2 / 2 * 2 / 3

3[ 'o-I]
i n ps↳lZ) h a s o r d e rt h e image o f

[°, I ] 2

→ 2 2 * 2 3 → PSL>⇐ 1 ,
w h i c h t u r n s o u t t o b e

a n isomorphism



Amalgamated f r e e product

( G a ) , e z : c o l l e c t i o n o f g roups

A i
g r o u p , Y a : A → G a homomorphism

( y a injective → " c o m m o n subgroup o f t h e G a
"

)

D e f . t h e amalgamated f r e e product o f t h e

g r o u p s ( G a l a o v e r A i s

* (Ga laz =(* G) / N ,L E I

N = t h e no rma l subgroup generated by

pac x ) p p ( x ) - " K E A , L , P E I

→ i n ¥16,1, Gaba ) - Cocoa]



s o ¥, (Ga),@I : generated by ( G a ) a e I
,

w i t h

i d e n t i f i c a t i o n o f f a t e ) and p p l e ) f o r s c E A

L i P E I b u t n o o t h e r n o n t r i v i a l r e l a t i o n

"

"Bass - S e t t e theory
"

'

.

¥
,

- -

automorphism g ro u p s o f trees,.IQ#q=k.
. . .

a r e b u i l t u p using , .
.

amalgamated f r e e product & a n o t h e r

opera t ion ( H N N ex tens i on )

( s t a b i l i z e r o f a n edge e ) c ( s t a b . o f a ve r t e x b )

i f v i s a n endpoint o f e



V a n Kampen's t h ' m 1 " u s u a l " v e r s i o n )

suppose X = A U B
,

A & B o p e n ,

A n B path - c o n n e c t e d
,

t o c- A n B

t h e n T , ( X i k o ) 1 - I T , ( A i k o ) * I T , I B - X o )
1T, ( A n B i k o )

w i t h respect t o homs
→ I T , ( A i k o )

I T, L AM B , X o ) → i t , C B - k o )

induced by i n c l u s i o n A N D → A
→ B

2 2

Consequence I T , ( S ' u s ' , K o ) £ E z ( = 2 * 2 )
0 0 FEa.by

"II's...,
and T.IE#ixolEIFn

I T , ( V# a ) L E I , K o ) ± * ( T i ( X x , Xo ) )×e z



Va n Kampen's t h ' m (general v e r s i o n )

X = U
* ← I

A x
,

A x o p e n (path - c o n n )

A a n A@nay path. c o n n , f o r a l l h , p , f c - I

K o E M
x e I

A ×

t h e n T i ( X o x o ) I #e, t i c k , K o ) ) / N

N : t h e norma l subgroup o f axle, t i l X x i k o )

generated by i , @ ( w ) ipx ( w ) " f o r WE'TlAxnAp,xo)

iap : T i ( A n n f t p . x o ) → IT, ( A a , K o )

Ipa : 1T, (Apr''A,,xo) → T i (Ap, X o )
i e . Tap @1) = Cipa lw, ] (WET.CA, http)) i n T lc ( X )




