
V a n Kampen's t h e o r e m , p a r t 2

G e n e r a l c l a i m : X = Le , A x ,
A n open; s e t .

- A , n Apa A y p a t h c o n n e c t e d f o r V L , p , y e I

( A a , A o n A p a l s o )

. X o E fez A x

t h e n i t , ( X o x o ) E (axle, Tc l t a x , Ko ) ) / N

N '

. normal substp generated by iapkwdipallw]5'

f o r Lw]E T , C A , h A p , K o ) ¥ T l , ( A a , I o )

P a r t i c u l a r c a s e ( I = { 1 , 2 } ) : X = A , u A z

A , a A z path - c o u n .
, K o E A , n A z

⇒ I T , ( X , > c o ) = I T , ( A l , X o ) * t i l A z , X o )
T i ( A i r A z , X o )



• ← [T t l ( A a , K o )
→ I T , CX , x o ) i s

w e a l ready k n o w i *

su r j e c t i ve F ) a n y
C f ] E I T , ( X . X o ) c a n be

w r i t t e n a s [ f ¥ ¥ µ ( f i ) c - i t , ( A a i , >c o )

c a l l t h i s a fac tor iza t ion o f [ f ]

w e s a y
t w o f a c t o r i z a t i o n s [ f ] = [ f , ] - - - [ f u ) a n d

[ f ] = [ f ig - - - [ f f ] a r e equivalent i f they a r e re la ted

by t w o t y p e s o f t r a n s fo rma t i o n s :

- i f f ; a n d f j+ , a r e bo t h loops i n Ag',

[ f , ] . - - ( f i e ) → ( f , ] . . . [ f jof j+,] - - - ( f t ]

- i f f j i s a loop i n Aa;nAp, interpret Cfj) a s a n

e l e m . i n T i , ( f t p . x o ) instead o f E . ( A a j , X o )



the ke r n e l o f axle,=T, ( A a , x o ) → I T , I X , K o ) i s generated

by iaplw)) ipalco))'' f o r ( w ) c- T l , ( A a a A p -
K o )

E ) a n y
t w o f a c t o r i z a t i o n s o f ( f ) a r e equ i va l en t

→ w e w i l l c h e c k t h e l a t t e r c l a i m

T a k e t w o factor izat ions

[ f ] = [ f , ] - - - [ f u ) a n d [ f ] = [ f i g . - - ( f f )

r d -7 homotopy o f paths F : I x I → X implementing

f , o . . . . f k I f f o . - - o f f



Step I f i n d partitions 0 = 8 E - - E s n - I ,

O e t o e - - E t u = I s i t .

- e a c h s m a l l rectangle Csi,Si+DxCtj,tj+,) i s mapped

i n t o s o m e A , by F

( u s e compactness)

- a t t - o : t h e loops

( Xo → F-( s i , O))- F l -
, 071g,,,,,,,,

• ( F a i t , , o ) → X o )

f o r m a f a c t o r i z a t i o n equ i v. t o [ f ] = [ f , ] - - - [ f u . ]

F.si#@FlSi-1,0)

¥÷⇒±± .
- a t t = l

'

.
s a m e f o r [ f ] = [ f,' ] - - - [ f ' d



S t e p 2 m o d i f y a n d r e d u c e t o " sma l l e r steps''

- a s s u m e t h e r e a r e only t h r e e "rows" ( t - d i r e c t i o n )

(we c a n c o n n e c t homotopy ' e q u i v a l e n c e s

[ f , ] . . ( f r . ] e , f f , ' ] . . - H e ' ] c→ (f,"]. - -(fm"]
- m o v e v e r t i c a l l i n e s i n t h e m i d d l e r o w s o

a n y p o i n t i s touching a t m o s t t h r e e rectangles

sti l l satisfying s o m e assumptions

t
'i.FI#iIii.............
R ; i i - t h rectangle i n t h e a b o v e confg
A i = A a i : c o n t a i n s F- ( R i ) ; c h o o s e A , , - ; Am, Asma, - -

, A3m

a c c . t o f a c t o r i 2 . f i , f }



Step 3 e n u m e r a t e paths % , - - - , % , i n I x I

behind d e f o r m . o f loops f , o - - o f f , ~ , f f . . . . Fe'

F l o , = f , o . . o f k / / /

t h e n g o l i k e f o K m÷:÷:÷:÷÷÷
÷i÷÷÷÷÷÷

÷¥÷
÷i÷:- 8 2 : path t h a t g o e s

a ro u n d 121,122

t h e n g o l i k e 0 ,

- G m : g o up
the lef t edge, then the top

Flag, = f , ' a - - o f f



Step 4 F l o ; h a s equivalent f a c t o r i z a t i o n a s F l a . - ,

a t e a c h " v e r t e x " V o f t e s s e l c h o n

t a k e adjacent rectangles R i . R i , R k µ¥§§§
t¥µ¥c h o o s e a path g u : x o

- v i n

A i n A i n A k

• suppose w e h a v e constructed fa c to r i z a t i o n f o r Fla.,

⇒ w h e n V i g o e s
a r o u n d R i w e g e t a l oop

i n A i by composing 9 0 , Fledges o u R i , J u '

§
→ - fa c to r i z a t i o n o f F l ,

- 8 . . . . . . . - o f - equ iv. t o t h a t o f F l a ,



Examples

1 . L : l i n k o f t w o c i r c l e s i n 1123
→ i t , (11231L,X o )

[ a n y p t

• X o o u t s i d e L

O O o o o

A p

° ' s C D
A B

→ z * Z 2 × 2

2 . I , (11231km, n , y o ) f o r k m , n c 5 1 × 5 ' c
1123

.

t o r u s knot
' ' usua l ' '

-

image o f s ' → s ' - s '
t o r u s surface

,

Z 1 → ( zM, z " )

K
2 , 3 ÷€[€¥¥; 'm, n : coprime)

( a , b : am - b n )



I , 111231 L , k o ) I # * Z f o r " u n l i n k " L ; O O

A B

key s t e p
'

.

1123
- L c o n t a i n s Cs' v s ' ) v ( s ' u s 2 )

a s deformation r e t r a c t ;§j€¥§§.→ s a m e TC ,

Van Kampen's t h ' m gives

Ti l ls 'vs2)v(s lusz) , * ) I T i l s ' v s 3 * ) * I T, ( s ' u s ? * )
basepoint Free

prod

±t¥¥*÷?*1*2=z*z



h o w t o s e e @ ' v s ? ) v ( S ' u 5 2 ) c 1123, ( A u B )
u n l i n k e d
c i r c l e s

w a n t : S ' u s ? I d . . . 11231A

c 11231Ae a s i e r ( b u t i n e f f i c i e n t ) : ÷÷€
def. r e t r .

€÷D
÷÷÷:

i

01
t h e n de fo rm § m ) § n o §

i n s i d e 52



I , 111231 L , K o ) I 2 × 2 f o r L : A @ B

key s t e p
'

.
1123-L c o n t a i n s ( s ' x s ' ) ✓ 5 2

a s deformation r e t r a c t

→ s a m e "
'

o€¥
€§\¥0.

S ' u s ' I 1123113

Van Kampen's t h ' m gives

T i l l s ' x s ' ) u s ? * ) I T¥¥§*Mf%¥



I T , (11231km,n, K o ) E ( a , b i am = b " ) fo r t o r u s f-n o t s

step 1 I T , (11231km,n, k o ) I I , 153 'km,,, x o ) f o r 53=11230%3

5 3 = 1123 U D w i t h o p e n neighborhood D o f A

s i t . D E o p e n 3 - b a l l , 1123 n D I open
3 - b a l l Ypt}

I 5 2
' [Km,nnD=¢ ; l i k e 5¥95 (homotopy equiv)

C y
0%

→ V a n Kampen implies

i t , 1531km,n,Xo') = i t , (11231km,n, sci) * T l , (Disco)
5 4 I T, ( D a 1123,7 'o )

t , 111231km,n,X o )



Step 2 finding a 2 - d i m . c e l l complex X

embedding X < 5 3 1 km , n a s de fo rm . r e t r a c t

- c o n s t r u c t i o n o f X :

X = ( s ' × I ) / 4 , 0 ) -(e2¥z, o ) fo r z e s t e

( z , ' t ) - ( e ¥ ' z , 1 )

Q÷II¥o←

n - fo l d

- 5 3 E ( s ' x D ' ) 1+115×5') / g lue o v e r boundar ies
5 1 × 5 '

1 ¥ , ¥¥¥§ ' [contains
K a n



embedding X c , 5 3 1 k m , n

embed t h e ing o f s ' × Co, E ) t o S ' x D ?

S i x f ' s , 1 ) t o 132×51

i n s ' x D ? : km , n l o o k s l i k e t h e trajectory o f

m points going a r o u n d s ' = z D 2 '

t h e speed o f going a r o u n d±÷oi÷:*...".."÷÷:t h e f i r s t f a c t o r s '

etui'2zn,

c o n e f o r s ' → s ' , z ↳ Em
( { w } x D ' ) n k m . i n

(s'xlo.IT/cz,o)~le2#z.o) )w = Z "



Step 3 comput ing I i ( X , X )

A : i n g o f 5 ' x [o,' ' z )

B : i n g o f s i x 1 £ , , ,
)⇒ A N D E s '

¥

~ , V a n Kampen's t h i n gives

T l , ( X , X ) E i t , ( A , X ) * I T , ( B , * )
A l a n B , * )

O b s
'

.
A d e f o r m . r e t r a c t s t o t h e i n g o f s " - { o }

→ i t , C A , * ) = i t , ( A ,¥ ) = a , ( s ' , * ' ) = z

f r o m S ' x { o }

( s ame w i t h B )

i t , ( A n B , * ) → I T , I A , * ) i s Z → z , a c t s m e

s o i t , ( A , * ) * Ti(B,{¥ = ( a , b : a m = b n )

¥ F l a n B . * I i ¥ z = IT,
CANBY?


