
F u n d a m e n t a l g r o u p o f (2-dimensional) c e l l complexes

general i d e a i f ' . S ' → X loop based a t

&
X o ( = f c 1 ) )

whe n w e glue D2 using f '

.

Y = ( X 1 1 3 2 ) / z ~ f ( z ) f o r z e s ' = D D ?

f becomes con t rac t i b l e i n Y

¥÷i÷*÷÷÷÷÷÷÷¥i÷i÷
÷.



( c o n t . ) I , ( X , k o ) → I T , ( Y , s c o ) s e n d s [ f ] t o e

i n d u c ed by X - → Y

i .e . w e c a n " k i l l "
a n y e l e m e n t o f K i l x i c o ) by

( a d d s o m e r e l a t i o n o n T i ( Xox o ) )

attaching a z - c e l l t o X

Q 1 c a n i t , ( Y , x o ) b e "bigger" by t h i s

p r o c e s s ?

Q 2 w h a t happens when w e a t t a c h s o m e

n - c e l l w i t h n > 2 ? i 1 × 1 D u ) , * ~ f c x )
f o r XES"-1

f o r f : S " - '→ ×

R e m
'

. attaching a 1 - ce l l c a n m a k e i t , b igge r

0 ¥ ? → CEDE n e w loop



Prop (1.26. ( a ) )

X topological s p a c e , t o E X

y a
'

.
S ' → X ( * E I ) c o n t . m a p s

Y = X i t 1 ¥ , D 2 ) /
Z ~ y a ( Z ) f o r

2- E S ' = 2 D 2 a t x - t h

[ c omp o n e n t
t h e n the hour. K i ( X , K o ) → I T , ( Y , K o ) induced

by X ↳ Y i s surjective

kernel N : t h e n o r m a l subgroup generated by

T a . p , o f , ; V a : I → X , Ta c o ) - X o

flipped path 8 4 7 = @ ( i )
-

loop based a t x



× Y

go.gg#.0n..i.Oo.o:
s

.

Rough i d e a '

. Y = X v (Lezing of D-o f , )

#VaFkampen " 1 ( Ya o ) I quot, o f

+
" ( x . to)*/¥±t¥%4)i

kernel f rom in te rsec t ions

⇒ i n g o f
s '

K

t o make t h i s prec ise
'

.
w e n e e d open c o v e r



" t h i c k e n " t h e i m a g e s o f fan

.jo#iiiiasis~%E0oIiiIiasi,
X O

• f i x a segment i n D 2 attached t o E E s '

¢ : I → D 2 , o ↳ I

D2¢ "
z n y a ( Z ) f o r

2- E S ' = 2 D 2• t a k e 2 = X ' t ( I I I D'"#¥5,5,-yds,
f o r S E I(Ertelt)

a t x - t h componenty¥¥¥,
a l l copies o f E o 3 x I i den t i f i ed



Open c o v e r o f 2 :

-
c h o o s e y n o t i n t h e i ng o f µ Dr€ ."

- A = 2 i f u { y 3 a t a - t h component ) t.fi#F?.IIIQ
i f I

- 1 3 = 2 1 X = u n i o n o f t.EE#' (glued a t

t h e e n d o f s t r ips )

- d o t h e point "above" t o £¥¥ xo 'eAnB

A o x d e fo r m a t i o n r e t r a c t T .C A , # E a , ( X . r o )

B con t r a c t i b l e i t , ( B - x ' o ) = { e }

2 s Y de fo rma t i on r e t r a c t I T , ( 2 . x 'o ) I t , ( Ye o )



V a n Kampen: I , ( 2 , 2 c g ) I T C , ( A i d s ) * I T , (B -x 'o )
I , ( A N D , x 8 )¥"%E

I T , I A , # 7 ) Ling o f alAnB,#D
-

t , I X , K o )

A n B : u n i o n o f t.IE#A.
'

f o r R E I

(glued a t t h e e n d o f s t r ips )

1 u n i o n o f , § f o r A E I glued a t *

n g i t , ( A n B , * 'o) = ( L a . @ o f , ] : x E I )

up t o K o ' K o '



Prop ( I - 2 6 . ( b ) )

X topological s p a c e , t o E X

y a : S " - '→ X ( • E I ) c o n t . m a p s I n > 2 )
Y = X i t 1 ¥ , D " ) /

Z ~ Y a ( Z ) f o r z e s t ' s @ D "

a t x - t h component

t h e n the hour. K i ( X , K o ) → I T , ( Y , K o ) induced

by X ↳ Y i s a n isomorphism



Rough i d e a '

. Y = X v (Laing of Dnv,)
⇒ 0 € .
Van Kampen " 1 ( Ya o ) I quot, o f

I T , ( X . t o ) * (* " i l Dnv insta,}
x E I

t r i v i a l
kernel f rom in te rsec t ions

¥€e€ i n g o f
s " - I

.tt#afeudcweutal group

Again w e need t o t h i c k e n , s o w e h a ve a n

open covering 2 = A U B

U d e f . r e t v .

Y



• f i x a segment i n D " attached t o * E s " - I

4 : I → D " , O t s -K

G . * as"-'CD"
D" og

° t a k e 2 = 1 1 # ( ¥ , D "# I - Y
Z - Y a (Z), 2- E S"-1=2139
( S e o ) ~ 7 × 6 ) S E I

I I . t ) r t i i t i
a t x - t h component¥÷÷.

a l l copies o f E o 3 x I i den t i f i ed

• c h o o s e y n o t i n t h e i ng o f µ

→ A = 2 I f U { y } a t t - t h e component )
A E I

1 3 = 2 1 X = u n i o n o f
t.EE#II(glued

a t
•

t h e e n d o f s t r ips )



• * 'o t h e point "above" t o £¥¥ xo 'eAnB

w e h a v e :

A o x d e fo r m a t i o n r e t r a c t T .C A , # E a , ( X . r o )

B con t r a c t i b l e i t , ( B - x ' o ) = { e }

2 s Y de fo rma t i on r e t r a c t I T , 12,28)-1T, ( Ye o )

A n B : u n i o n o f t.EE?AD" f o r x e I

(glued a t t h e e n d o f s t r ips )

1 u n i o n o f §€ j , . , f o r A E I glued a t *

t r i v i a l T l ,



V a n Kampen's t h ' m implies

I T , ( B - x ' o )T l , ( 2 , 1 / 0 ) I
✓ I T, ( A n B , # ) T(em,.co,)

"
'
' " '

" ' ' *

111

I T , ( X .X o )
'[ t r i v i a l

⇒ i t , ( X , K o ) ¥ I T , ( Y , K o )

Prop ( 1 . 2 6 . ' c ) ) X : c e l l complex × " : K- s ke l e t o n

Z O E X 2

t h e n X ' s X induces a n i s o m I t , (X? K o ) . I T , (Xoxo)

key L e m ( A . 1 ) C C X cpt ⇒ c c X " f o r s o m e K

a n y c l a s s o f i t , ( X o x o ) c o m e s f r o m i t , (X",Xo ) I F , 111,38).
→ (any

homotopy of loops happen i n X " f o r s o m e K



P r o o f o f key L e m .

R e c a l l : t h e topology o f X i s characte r i zed by

F - X closed G ) U k F a x " c losed i n X "

✓ a X o p e n G ) H k U n X " o p e n
i n X K

Suppose C - x compact i s n o t c o n t a i n e d i n a n y
Xk

T a k e K k E C , X " - l ,
S ' : { x , , x z , . . . } c c !

§ i s closed i n X ( ⇒ ' P t ) :

contra.

S n X " = { x . , - - -
- X u . } closed i n X"]

$ i s d i s c r e t e f o r t h e induced topology
5 - { I n } i s closed f o r a n y k



Fundamental g r o u p o f c l o s e d o r i e n t e d s u r f a c e s

14g : p # . . . @
¥ o t

R e c a l l : 2 - d i m c e l l complex s t r u c t u r e o n Mg

- o n e O - c e l l

- 2 g x ' L - c e l l
⇐÷⇐±÷⇐o
⇒

- o n e 2 - c e l l

q¥§£§
§."

"

'"situde" "meridian"



i n t h i s c e l l complex s t r u c t u r e :

X l = S ' u . . . v s ' 2g - t i m e s

i t ,CX ', * ) = ( a , , b i , - - -

- ag .bg) I Fzg
T"longitude"#Tmeridian

Mg = X - = IX' i t D ) / glueing

boundary o f D ' given by

a , b , a , - ' b i ' a - b-A I ' b i ' . . . agbgas'' b j '
-

c o m m e n t a t o r

C a i , b i ]

7, 1×2 , * ) = ( a , , b i ,- . ,ag, bg
'

. a b o v e expression = e )



L e m i t , (Mg, X ) ¥ I T, ( M n , X ) f o r g t h

t h e abf.fi?IizgYIq-,g,oftilMs.*)EfFzglabez29

-

c ommu t a t o r subgroup
(normal ) subgroup generated by

f x i y I i xg@ Icx .yE G )

C o r M s I 1 4 h i f g F h



Real iz ing a rb i t ra ry g r o u p a s TC,

G : g r o u p

$ a G : gene r a t i n g s e t
prescribing words i n

R - Fs : s e t o f " re la t ions " → genera to rs t h a t

s h o u l d b e t r i v i a l

s o G E F § K R ) u p
t o t h e surjection"

h o m I s , → G
,

s m s ( s e 5 )

goal : u s e S ', R t o c o n s t r u c t a space X

s - t
- t , ( X . o o ) I G



rea l izat ion o f X a s a 2 - d i m c e l l complex

X ' = & ' u . . . u 511
-

c o p i e s labelled by s e S'

X 2 = &' 1 (¥pD2)))
a t t - t h component

glue z ES ' t c d D ?

t o t h e cycle i n × '

corresponding t o t

§ , ' E b → 0 ¥ . " I £7 :
x '

K b


