
S e c t i o n 1 . 2

P r o b l e m 1 s t r u c t u r e o f G * H G # E e } # H

E . Z I G * H ) = { e }

center { z e G * H i t r a c e G * H : 2 - 2 = 2 2 }

↳ * H : { r e d u c e d w o r d s o f elements i n G , H }

n o n t r i v . d e m o f G * I t i s either o f the f o r m

• g , h , g z h z
- - i g k h k ( K s l )

• 9 1 h i 924 2 - - i g k h k 9 k t , ( k > o ) ) g i t G l { e }

° h , g , hag,- - - hugh ( k > i ) h i c- H i { e }
' h , g , hag,- - - h k g v . h u , ( K I O )



Pa t t e r n 1 : K - g , h , 9 2 h z
- - i

g a h k a s a b o v e

c a n n o t c o m m u t e w i t h h e H l { e }

h - x = h g , h ,
- - h k a s a reduced w o r d

x . h i s represented by a
reduced w o r d

start ing w i t h g ,

Pa t t e r n 2
'

.

K = g , h , 9 2 h z
- - i

g a h K 9 k t , a s above

c a n n o t c o m m u t e w i t h h E H i { e }
J c . h = g , h , g z h z

- - i

g a h K 9 k t , h e s reduced
w o r d

h . x = h g , h , g z h z
- - i

g a h K 9 k t , a s reduced
w o r d

Pa t t e r n s 3 & 4 i s w i t c h t h e t o t e of G & H



2 . K E G * H h a s f i n i t e o r d e r ( I - e f o r s o m e h > o)

E ) x i s conjugate t o s o m e g E G o r h e H o f

f i n i t e o r d e r

⇐ i s o b v i o u s ( y x y " h a s s a m e o r d e r a s a )

⇒ enough t o s h o w t h a t : i f o c i s n o t con j u s .

t o a n y
o f g E G

o r H E H ,
t h e n x h a s

i n f i n i t e o r d e r

l e t × ' b e a conjugate o f × w i t h t h e min ima l

length ( f o r t h e reduced expression)



P a r t I × ' = g , h , 9 2 h z
- - i

g K h K o r

X ? h , g , h-gz- - - hugh ( i e . x " h a s e v e n ten.)

o t h e r w i s e ; i f * ' = g , h i 9 2 h z
- - i

g a h K 9 k t ,

K " = 9 k t , x ' g ← I i i s a co-jug. o f X ,

K " - ( g u t , g , ) ' h , g z
- - - h k i s s h o r t e r t h a n X '

⇒ c o n t r a d i c t s w i t h minimality

similarly f o r t h e c a s e x ' : h , g , hag,- - - husk h u t ,

P a r t 2 y e g , h , g , h a
- - i

g a h K h a s i n f i n i t e o r d e r

y2= g , h , g z h z
- - i

g a h K g , h , 9 2 h z
- - i

g k h k (reduced)



( c o n t . ) ym h a s s i m i l a r reduced exp ress i on

o f length 2 M k ( m s l ) ⇒ you * e

P a r t 2 ' y
= h , g , h-gz- - - hugr, h a s i n f i n i t e o r d e r .



P r o b l e m 11 f u ndamen ta l group
o f mapping l o t u s

f i x → X → T f = X x I / ( x , o ) ~ ( fck ) , l )

C¥¥÷D
I . X = s ' u s ' 0 * 0 f basepoint p t e s .

(§¥§¥§j
c o n t r . neigh. of *

A : image o f (Xx ([o, o . 2) u (0.8,'t])) u#XI)
1 3 : image o f X x ( 0 .1 , 0.9)

To E A n B ← path-connected



V a n Kampen's t h ' m g i v e s

I T , ( B , y o )
T C , ( T f , Yo ) 1 - I T , C A , y o ) *

% , ( A n B . y o )

A h a s 5 , u s , u s , a s de fo rm . r e t r a c t

j§¥,' → " " A . y o ) E I t

13 has " s ' u s ' a s d e f o r m . r e t r .

→ T , C B , g o ) I F z

A n B h a s s 'us ' us ' us ' a s d e f . r e t r .

8884¥
be



I , 1 A n B , yo ) → t , C A , y o ) i s

a , t a i , bz i t b i , 9 4 ↳ sf*la,)s'', b a t s -1*16,)s''

I i ( A n B, yo) → i t , ( B . y o ) i s

a , ↳ a z , b , t b z , a y H C z , b a t s b z

S o TC , ( T f , yo ) I f a , , b i , s i

s f * l a , ) s - t = a
l , s f ! b. ) s- t - b,)

E ( I E , t : t x t - ' ' - f - I x ) ( K E E ) )
I-1

t h e H I V extension of F - ='t,(shes:X) f o r f *



z . X - s ' x S " formally s i m i l a r

↳ B
÷oi÷÷÷D

c o n t r . neigh, o f #

A : image o f (Xx ([o, o . 2) u c o . 8,1))) u#XI)
1 3 : image o f X x ( 0 .1 , 0.9)

To E A n B ← path-connected

↳ A h a s X v s '

" " "

* " "

"1. " " ' " '" "

A h B h a s (Xv I v y ) , glue
endpt

o f I t o basept



( c o n t . ) s o A n B I X V X by shrinking I

w i t h y o C- A n B

T e , I A , yo) I t i l X ' Yo) * Kys,
t , I B , y o I I K , I X , yo )

% , ( A n B , y o ) E.IN#l*T4lX:?ol-
{g") : g c-F i lX.got} {g 121 : g E t , ( X .yo))

V a n Kampen', T c , ( T f , y o ) £ T e , C A , y o ) * K i ( B , 7 0 )
% , ( A n B . y o )

TL , ( A n B , y o ) → i t , I A , yo), g''' ↳ g , g'" t s f * ( g ) s-t

t , ( A n B , y o ) → I T , 113, y o ) , g"' h g , g ' " n g



s o IT, ( T f , go) E (22, t
'

. t g t " = f * l g ) ( g o d ) )
11

FIX,yo)
s".'



§ 1 . 3 covering s p a c e s

Re c a l l : f o r t h e computation i t , ( S ' , * ) £ 2

w e l ooked a t R B S ' , t ↳ (cos 2 k t , s i n 2 # t )

w h i c h w a s a coveting
i t x E S ' I O p e n U 2 x s i t .

(p- ' l o ) = ¥ , V i j V i E R open , V i n t , - = 0 city)

P t v ; : V i → V h o m e o

I Rt.Q.
gg , ,

and homotopy lifting property

Y t , I R

I l o EE" d p
l y , o , Y x

I → s I

F



O t h e r coverings o f S ' i

s ' → s '
, 2 - ↳ 2-M ( m = L , z , - . . ) w i t h 5 ' c e

corresponding t o 112 I s ' inducing 1 R / m Z → s '

a n d R / m z E s '

→ correspondence b e t w e e n

- coverings x ' t ' s ' s i t . lR→¥§'s'

- subgroups m 2 1 < 2 1 F a i l s ' , # )



C o n n e c t i o n t o G a l o i s theory

operations o n c ove r i n g s I # X

I , I , × ,
I z # X t w o c o w s .

→ a disjoint u n i o n XT H R → X

• fbei-product I ,# I z ={(ki.kz/EIixXz-
PiCxi7=pzCXz)}

map o f covering spaces : I , ¥ 5 2 s i t . poof = p ,

( ' ¥ )
→ monoi-al category w i t h f b e r product



K o E X → ¥ , =p-' ( x o ) < I d i s c r e t e s e t

⇐ a t K o

F f F , p ) = I x , i s a functor o n t h e category

o f covering spaces o v e r ×

s i t . F C Fix, I z ' , p , > Ps) # 'FCK,,p,)xFCI,,pz)
i . e . ( s t r i c t ) mono ida l f u n c t o r

(symmetric) m o n . c a t . o f
F

monoida l c a t . o f

{
ob j s : I ↳ x obs j i s e t s YHm o n , ; g , # & m o o s ; maps y , →

ya
)pX×£p2 ' m o n . prod: Y , x y z

m o a . prod: K , ¥52



Grothendieck's o b s e r v a t i o n : t h i s s t r u c t u r e i s

" s a m e " a s

(symmetric) m o n o i d a l c a t . o f

ob j s : G A Y a c t i o n
F

o n s e t s → (moa. c a t . o f sets)
M o r s

'

, Y , → Y z C o m m . w i t h
4

g .

a,,,,
) ⇒(Guy) t o Y

(m...,,,,,,,
,, , , , , ,

"forget t h e a c t i o n
a c t i o n

o f G
' '

f o r G = I T , ( X . K o )

W e c a n r e c o v e r G a s A u t o ( F ) - {
"cap,:(kid → (Ap)
FRI,#If

-ftp./xFfhsY}



-
. - w h i c h h a s analogy t o

symm. m o n . ca tego r y o f

F(°
""'

" ' " " " ' " " " A "
→ l " ° " ' " " o f sets)

m o r s : A → B h o u r o f 6

p . , , , , I ⇒ a ↳ µ , , , , , , , , z ,
m o n . prod : A # B

k : f i e l d , E l k : a l s . c losu re

G a l ( E l k / = Autio ( E ) (absolute) G a l o i s group

acting o n F- ( A ) = Home ( A i k )


