
S e c t i o n 1 . 2 E x e r c i s e s ¥
P r o b l e m 3 F c 112" f i n i t e s u b s e t

⇒ I R " l F i s simply connected i f n ? 3

P r o o f b y i n d u c t i o n o n k = I F I

k = 0 : R " i s c o n t r a c t i b l e

f - = / i I R " l { p t } i s homotopy equivalent t o s " - I

s " i s simply c o n n . f o r M 3 2
l i k e

general c a s e : *
t h i s

•

°

. - b u t not
step 1

.
r e m o v e a point f r o m F

° l i k e t h i s

t a k e a c o n v e x h u l l o f F :

C = { E t . c . s c : t x > 0 , E t x = I } c I R "
K E F K E F



(cont . ) C closed c o n v e x i n 112"

⇒ C i s t h e c o n v e x hull o f i t s external points

( yECexttemal@Iz.uiEC.OEt E l : ga ta t a - t he
⇒ z = m = y )

e t
e x t r ema l points o f c c F

→ t a k e y o E F w h i c h i s extremal i n C

⇒ I hyperplane P c 112" separating y o f r om

t h e c o n v e x h u l l o f F ' : F l { go }



Step 2 r e d u c t i o n by gluing
P spl i ts 112" t o t w o half-spaces A , B

y o E A , F E B
,

A I R " I B

÷÷÷÷÷
:

w i t h x . E P ,
V a n Kampen's t h i n

s a y s

i t , (112" I F , K o ) E i t , ( A I , k o ) * I T , ( 1 3¥ , K o )
Tc , (Pasco)

1 T , ( A i k o
,
k o ) I a . ( s " - l , * ) t r i v i a l

* i l B t
,
K o l E Tc , (112" l F ', * o ) t r i v i a l by

i n d u c t i o n hypo.



Problem 2 2 presentation o f te,(11231 K , K )
(knot group)

f o r (oriented) k n o t s K c 1123

b a s i c i d e a

t a k e
'

'regular projection" o n t o a plane
a n d l abe l segments 4 , 4 2 , - -

a id .
e a c h segment gives a n e l emen t o f KillRik,*)

§µi~ K i : s o
a r o u n d x i "counterclockwise"?

when w e l o o k i n t h e d i r e c t i o n
*

o f L i



w e g e t a

t e l a t i o n

÷⇐¥
¥÷÷

d i +
i

x ;

÷÷÷÷÷÷÷i÷
÷÷÷÷÷÷÷÷÷

.
x i x ;

→ Wit inge presentat ion: "sci xu=xjxi'' a t e a c h

crossing



M o r e formal ly i c o n s t r u c t a 2 - d i m ce l l complex X

s i t . X I 11231K

'} change labeling c o n v e n t i o n o f segments

( c u t t h e "overcrossing" o n e s )÷÷e÷i

p u t rectangle " c o v e r " R i o n e a c h segment h i
,

s t i l l exposing t h e c r o s s i n g s

÷÷÷÷⇐÷
÷÷÷:

a j



t h e n put a rectangle c o v e r {

o n e a c h crossing a

÷÷÷÷÷÷
¥÷÷÷÷.

- - and c lose t h e base o f R i w i t h ano t h e r

rectangle R T

( R i k k i 1 ) 11¥,.info ) (sluing× =(¥,
label

f o r crossingsfo r segments



UTi (Ri 1 RE/gluing) I s ' × I

gives X i E Te , ( T i , * )

attaching @ I D> t o Ui T i in t roduces

- " ' " 'y:÷÷÷±
÷i#•

(Feb 1 "

w h e n c i s "§X¥#I
"

,
(XUD? x)

1-T , CX,x)/(boundary

loop of xi¥#[¥};D2)



- Tc , ( 11231k , * )
a b E Z (Gabe G I C G , G ) )

a b e l i a n i z a t i o n

K i K k = k j s c i E ) X i x ← x i ' s k j

i n t h e a b e l i a n i z a t i o n l I i i n g o f x )
x i X I . = I k F s o w e g e t

I n I i = E j I i ⇒ I n = E j

f r o m e a c h crossing ¥§i
K i s c o n n e c t e d ⇒ I = I ; f o r a l l j . l a

"winding n um b e r around K " s t i l l remembers Z



Lifting propert ies f o r covering

Rec a l l ( F e b . 2 , "Proposition C," )

I f p : I → X i s a covering ,

f - I fo r a n y f & F making t h i sY

¥ I
7-iff

- i ?
L P diagram c o m m , t h e r e i s unique

1%0 1 Y x I → X E making i t c o m m .

( Homotopy Lifting Property; f i b r a t i o n )



Prop (1.31 ) p ' . I → X cover ing , I o E X , K o = p Geo)

t h e n t h e induced hour. t .C I , . IO ) # I T , ( X . x o )

i s injective

P r o o f T a k e To : ( s ',# → ( K , I o ) (loop a t I o )
s i t . p * ((fo)) = e

[
' o u t . map S ' s I s.t.to#1=xo~

T h i s m e a n s t h e re i s a homotopy o f paths
F i I x I → X be tween

p-fo '

.
I → s ' → X and t h e c o n s t . path a t x o

±¥±¥¥
¥µ

E i s a homotopy of paths
f r o m FY t o c o n s t . path &



# ( s i t ) c- I c o n t i n s i t

F- c o , t ) f p-'( X o ) f r o m F c o , t ) = X o
-

d i s c r e t e s u b s e t o f £

( F I X covering ⇒ ⇒ V a s c o s i t ,

p-' ( O ) = I t V i ✓ i o p e n , mutual ly
i e I

disjoint )

⇒ Eco,t ) stays a t F l o , o ) = T o
9'

t o ( o )simi lar ly E l s e 1 ) E p " (Ko) ⇒ Fcs-1)
= K o



Prop ( 1 . 3 2 ) p : I - 2 X cover ing
,
I o t o x o

suppose
£ i s path-connected ( ⇒ s o i s × )

t h e n [ i t , ( X o x o ) : K , Ck , I o ) ] = I p-l ( X o ) /
#

i ndex o f t h e subgroup
covering degree

k i c k , I o ) C T , ( X . X o )

P r o o f

y E p-' ( X o ) ⇒ I path 8 f r o m S I t o Y
l by path - C o n n . e s s o f £ )

8 , 8 ' : paths f rom I o t o y

⇒ y ' I h - f f o r s o m e loop a t I o



;§], → € gives € 1 '
£0

S o

s = { ( f ) : T : path f r o m I o t o s o m e
yep-'pool}

homotopy class g ¥ yo f pa th s

h a s a c t i o n o f H - T e , I I , I o ) , HIS 1=115' loco)/

Any loop g : ( s ' , * ) → (X ,xo) lifts t o a

path 0 from I o t o s o m e yep''loco)



G = t , I X , K o ) → S
, ( g ) H ( f )

'

( l i f t o f g
i s bijective by uniqueness o f l i f t , homotopy..

-

↳ surjectivity : t a k e
a n y ( h ) c- I T ,CK, I o )

g e t g
= p o h loop a t K o

l i f t t o a p a t h h ' starting a t aef

h a n d h ' both l i f t g ,
w i t h s a m e Starling p t

⇒ h - h '

t h i s g i ves i d e n t i f i c a t i o n o f s e t s w i t h

H - a c t i o n ⇒ 1 4 1G t = / H i s t

[ (Gift) [Ip-'Ko) /



"Unique lift ing p r o p e r t y
"

Prop ( 1 . 3 4 ) p : I → X covering ,
Y connected

f : Y → X m a p , I , , f z : Y → I l i f ts o f f

7- y e t f i ( g ) = I cy ) ⇒ f? = F I

p ro o f A={y' : F, l y ' ) = I z ( Y ) } i s closed, nonempty
Y E A

i t ' s enough t o show A i s open ( by connectedness

o f Y )

Y ' E A → t a k e evenly covered open neigh.

V o f p#ly'))-pffsly'))



s o p-' ( V ) = H u i V i o p e n i n £ ,
i E I

' V i n t ; = D ,

plz.'. V i → V h o m e o

[(y') = I ly') c- Tr i o f o r s o m e i o

t r i o i s o p e n ⇒ I i - ' ( V i a ) i s a n o p e n neigh.

o f y '
s im i l a r l y w i t h F [ '

( V i a )

⇒ W = I , - ' ( V i a ) a F j '

( V i a ) i s also

f . 1g") = I c y " ) fo r g e w s i n c e both m a p t o

f l y " 1 u n d e r p , p l w i s inject've


