
c l a s s i f i c a t i o n o f cove t i ng s p a c e s

O v e r v i e w

× s p a c e ( w i t h s o m e "regular ity") , → E X

→ bijective correspondence

coverings o v e r X

( p : Y → X )¥ (subgroups o f THX,xo)
,H s e , ( X . K o )H X E X I T t ⇒ I

o p e n

p-' ( V ) = 1 V i
i E I induced

( Y , p) → i t , ( Y , I o ) (ESP Te , ( X . ko))
Tp#)-ko



I n general (Prop 1 . 3 1 )

Y # X cove r i ng , pesto)--Ko
→ p * : t i l l , , I o ) → K i ( X -

s o o ) i s i n j ec t ' ve

s o w e need t o figure o u t a reasonable assumption

o n X s i t . t h e i n v e r s e correspondence h o l d s

- X shou l d b e (path) connec ted

( e , ( X , x o ) does n o t " s e e " o t h e r components

n o t containing K o )

- t h e r e should b e a distinguished covering I B X

Corresp. t o { e } i t , ( X .X o ) ; i . e . I simply connected



w e w a n t X t o b e E l l y peth-connected a n d

- loyally c o n t a c t : V x E X , V o x -7 V s ✓ ⇒ I

o p e n o p e n

✓ i s c o n t r a c t i b l e ' I I .
: # i ,

not,.⇒§
( c e l l complexes a r e l oca l l y contractible)

o r , a
b i t m o r e generally

- locally simply connected:txeX, V o x -7 V - 0 7 ¥
o p e n o p e n

T . l v , x ) = E e }

o r , e v e n y e t m o r e generally
- s em i c a l l y simply connected! V x , V o x I V > V a x

i t , ( V , x ) → K ( X , x ) i s t r i v i a l



U n i v e r s a l covering

D e f A universal coveting o f X i s a cover ing

p : I → X s e t . I , ( I , I o ) i s t r i v i a l ( f o r a l l I o )

Examples 1 . X - s ' u s 112%5" i s u n i v e r s a l

2 . X : closed o r i e n t e d s u r f a c e
(without boundary)

X = 5 2 → 5 = 5 2 p - i d

X = Mg i s > ' I → I = H E R ?

E € = '

( ' 'uniformization of
R i e m a n n s u r f a c e s "



C o n s t r u c t i o n o f u n i ve r s a l covering

× path-connected a n d locally c o n t r a c t i b l e

( o r locally path- coun, semilocally simply c o n n e c t e d )

K o E X

X = { ( y ) : path i n X , m o ) - k o } = I T , ( x ) %

¥ . c l a s s f o r hemotopy o f paths
( basept - f ix ing c o a t . deform. )

- p i x → X i s g i ve n by Cy ] ↳ O c t )

- toughly
'

.

'

'H l C f ] , t ) = ✓ ( t ) " g ives c o a t .

d e f o r m . between c o a s t . map and i d y
(but t h i s i s t o o rough, w e only get a . ( I . const) = o)



Topology o n I

w a n t
'

. p
i K → X , c o ) ↳ d i ) i s a l oca l

homeomorphism ; i . e .

• given K E X w e should give U s × ( s m a l l )
o p e n

• 1 5 1 1 07= 1 F ia n d w r i t e
⇐ =,

f o r s o m e Co l l .

o f subse t s V i c I

• t h e n s a y t h e s e V i a r e open s e t s o f I

• and check consistency a s base o f topology

( f o r a l l V i ' s f r om dif ferent 0 , x )



A s cand ida tes o f 0 :

U = { U C X c o n t r a c t i b l e & o p e n }

( o r o p e n , pa t h -Coun . ,
I , ( O , x ) → I T , ( X , X ) t r i o . f o r

a n y K e w )

v s V x E X I - E l l s i t . K E V

F i x CO ] E & j f o r e a c h ✓ E l l s i t . X I ) E V

put U c f ] = { 4 . g ) : 4 path i n V , 8111=4101}

...-V-e,

← i ÷÷ :



t e m . I p l ug , i % , → O i s bijective

- S u i , i t y E V c a n b e connec ted t o O c t )

b y a path i n V

- i n j : p l y . g ) = p (Cy. y ' ] ) m e a n s 9117=491)

n y (g) = [ y ' ] (7- homotopy o f pa t h s /

by assumption o n V

L e m . 2 ( O ' ] E V c , ⇒ 0 c g ] = D a y

C t ' s = q . g ] ⇒ h e [ y ' . I ]
f l i p



Prop. 1 . I = { 0 c g ] : V E H , ( O ) E K , a ) E V }

f o r m a ba s e o f topology o n I

i . e . O h , V c , E U ⇒ ⇒ W o " ] C V , n Vq g

Proo f T a k e 0 " ] E V , n V e ,
T h e n V c r s = 0 c g " ] , V e r y = V c r " ]

W = T n t s a t i s f i e s Wc o " ] c o q " ] h t t p . ]

~ , W e get topology o n K , p i f → X c o n t .



Prop. 2 . p : I → X i s a coveting

p ro o f F i x K E Y t a k e V E l l s i t . s e e - 0

W e get s e t s 0 c g ] fo r C , E K , O c t ) E V

T h e r e i s (huge) redundancy, b u t

0 3 = 1 0 ' T : Uc o ) = V e r y ⇐ g ) E V ,
i s a n equ iv. t e l a t i o n f o r s u c h 8 ' s

→ t a k e a s e t o f representat ives a s I

p-110) = H V ,
CHE I - mutually disjoint



Prop. 3 I T i s p a t h - connected

F i x Cy] E X t h e n P : I → F , M t ) = ( s t a t s ) ]

i s cont inuous , represents a p a t h connecting
[ 8 ] t o ( c o n s t . a t k o ] i n X~

Prop. 4 I T , ( K , I o ) = { e } t o t I o = ( c o n s t . a t k o ]

Take a loop P i n 5 based a t I o , Pc s , = L , ]

→ Of's) = @ ( i ) i s a loop based a t k o

- ( T ) = ( X o ) by t h e loops o f C s ) = Vs ( t )

-

p ix ( ( T ) ) = O ' ]
, p * i s in ject ive



S o f a r '

.

I = { ( f ] : n o , = x o } = { C O T E F C X ) , 1 - (co))=xo}
• n o

k o M i )

N o t e i t , ( X o x o ) a c t s o n I T by product
( t ) - C y ' ] = [ f . f ' ] E X
Fixico) " I

→ given H s FIX,xo) w e w a n t t o t a k e Xp,: H 1 5

and c h e c k !

- X t , → X covering (induced b y P I X )
- T i , ( X H , ( I o ) ) E H



R e c a l l p-' ( V ) =,,¥±Vq's f o r V . E U

open c o u t r .

t h e a c t i o n i t , ( X . x o ) ~ I p r e s e r v e s p-' ( O )

a nd permutes t h e components Vc g g

( d e c k t ransform)

( f ) - Dey,] = Vega] t o t ( 8 " ) E I ,

H " I E Vey.gg-67-Very

£÷÷÷÷÷÷""

i i i .



Prop-4. q u o t i e n t s e t Xp , = H I F , w i t h quo t i e n t

topology, i s a cover ing o v e r X

:÷÷÷'s
c o ] E Hidentity'f

v e g ' ]
i . . . - i

0 0 ¥ . :
c .

.
- -

identify [
o u t " )" I

-
i

i i i . i



Prop 5 i t , ( X u , CEO]) E H by p ix

¥ o f c o n s t . pa t h

P too f Wa n t i p* ( i t , ( X u , CEO] ) ) = H

T a k e ( f ) E I T , C X , K o ) a n d l o o k a t i t s l i f t

T '

.
I → I , F l o ) = xT (unique)

( T ) = C r ) . ( I o ] i n I

→ 8 : image o f F i n X H ( p a t h s i t . 861=151)

i s a loop a t ( I o ) i f ( f ) E H

o n t h e o t h e r h a n d 13*118)) = ( y )



W e w a n t t o s a y t h a t a n y covering Y P→ X

i s d e t e r m i n e d by 13*441'T, I o ) ) < K , I X - K o )

Prop 11.33's "lifting criterion")

p : I ' → X cover ing , p ' I o ) - X o

f '

. Y → X c o n t . glyo) - k o

Y : path- C o n n . & l o c . path- C o u n .

T h e n I f : Y → I ' l i f t o f f
, Icyo) = I o

E ) fxtulY.nl/cp*iTlXYIo))

I ⇒ i s ob l i v ious f rom f = p o f I



⇐ :

Step ' L c o n s t r u c t i o n o f F : Y → I ' a s a m a p

g i ven y e t pu t fly) = # ( I ) w h e r e

- y
'

, pa th i n Y
,
f r o m y o t o y

- f o f : l i f t o f path i n X , fop (07=20

independence o n V : t a k e another 8 '

( f o o l ) . Hoff = f o ( f . T ) i s a loop a t k o

ing ( f i x ) c i n g (p i x ) ⇒ 7- (T ) E T i c k , I o ) s i t .

( p o t ) = ( ( f o o l ) - H o p ]



s I I s I → l i f t o f Ho f ) . # i n I
t 1 . '¥1 a s E l - , ' t ) - Tv,

Csn ) I x I ¥ ×

pop a n d f- of ' ) . - 0homotop. b e t w e e n

[ = ¥ ) • ( fo¥ s o fo%(1) = f o p ( i )

s tep 2 . F i s c o n t i n u o u s

F i x y e t .

t a k e a n evenly covered open s e t

V s f l y ) p.' 1 0 ) : 1 V i
i . E I

7- I i o c- I s i t . Fly) C-V i a P IVio: Vio#meow
a n d F = (p / ✓ i o ) - 'o f a round

y



C o t . ( Prop 1 . 3 7 )

X : path- c o n n . & locally c o n t r a c t i b l e

( o r l o c . p - C . , s e m i l o c . s imp . c o u n . )

X o E X

p , ; I , → X , p z : I - → X cover ings

p i c k , ) = X o = P z ( I z )

T h e n I h o m e o . f i x , - 7 XI s i t . pzof = p , , fck,)⇒§
⇐ Ip, ) * i t , ( I , , F ) ) -1ps)* ( te , ( I z , I z ) ) i n Ti l x i xo )

Again ⇒ i s obvious



⇐ : l i f t ing c r i t e r i o n gives

p? : I , → X I l i f t o f p , (p-opt = p , )

P I : X I → XT l i f t o f p -

u n i q u e lifting property ( Prop. 1 . 3 4 ,
F e b 2 4 )

f o r pzopT and idx , ⇒ R o pi -ids,
I
pTopI a n d i d k ⇒ pTopI s i d e

i . e . , w e c a n t a k e f =p?


