
R e l a t i v e homology g r o u p s

R e c a l l (singular homology)
X : topological s p a c e

C n ( X ) = { I n o - o i o : O " → ×

Std n-simple,
' ° " " n o EZ}

( f i n i t e s u m )

2 , : c , ( X ) → C a - i CX) , d u b ) =¥ot"" "Coo....ci.....vn]
i - t h f a c e o f 6Hncx)=Hsni%x) = keronl imgdnt,

A E X i n c l . o f subspace → H n ( A ) ¥ H h ( X )

C a u t i o n : i t i s no t injective i n general

e x . Sk- I ↳ Dk Z E H k - , ( S " ' ' ) → H a , (Dk)--o



N o t h ! Def. A c X subspace

C n c x , A ) = C n ( X ) / C n ( A )

(regard o : O " → A a s 0 " → X )
O n : C n ( X . A ) → C n - l ( X . A ) i n d u c e d by %

( well-defied b x On ( C i r c a ) ) - C n - l (A ) ,
In-124=0 f r o m s a m e c o n f . o n C a ( X ) )

n - t h t e l a t i v e _ h o I o g y g t@ p o f CX . A )
Ha ( X , A ) = ketdnleucx.az/imgdnti

g
represented by x e c n ( X ) ' (

'

, by L E C n l x ) s-t-s i t . 2 n d E- C n - l ( A )
l x = 2 n + , p t 8
'

8 E C n ( A )



Go a l s

Prop 1 t h e r e i s a n e x a c t s e q u e n c e

- . - → H n C A ) ¥ H h ( X ) # H n ( x . A ) I H a - i ( A ) ¥ . . .

- - - → Ho ( A ) ¥ Ho ( X ) #Ho(x. A ) → o

j * : map i nduced by q u o t . ma p C u c X ) → CalX)/CnCA)

d '

. "boundary map" ( n o t t o b e confused w l On )

Prop 2 ( 2 . 2 2 ) i f ¢ # A c X closed,

I V
• p e n

3 A s i t . A C V i s a deform, r e t r a c t

t h e n H n ( X , A ) I t Tn ( X I A ) (= H u l X I A ) f o r n > o )



Getting long e x a c t s e q u e n c e (Prop. 1 )

(purely a lgebra ic )

w e h a v e a short e x - a c t s e q u e n c e r o f c h a i n complexes

: : :

d d d
O o C n ( A ) → C n ( X ) → C n ( X , A ) → o

f o n d o u d o n

O → C n . f A ) → C n i c x ) → Cn- iCX , A ) → O

i
t t

=
c a l l ( L o , d ) ( M . , d ) ¥ d )

n ) w a n t - - → Hn (L . , d ) → H n l M . - d ) → Hn ( N o ,d ) I Ha- i l l . -d) s . .
e x a c t



prop (
'

' s n a k e Lemma") given a d i ag ram o f c o m m . g a p s .

A ,
→iAz→

A z → 0 s q u a r e s c o m m u t e

1I f , I f , I f }
e x a c t r o w s

0 → B , ↳ 132 ↳ B ,

t h e r e i s a n a t u r a l l y d e f i e d m a p k e r f s E c o l e f , s i t .

K e e f , if k e r f z I f ke r f s I cokf,,i¥cokfz¥cokf3
t e s t r . o f A ,→ Az induced by B.→ 132

i s e x a c t

P r o o f s tep 0 e x a c t n e s s a t k e r f a :

e a s y argument by diagram chasing



Step 2 e x a c t n e s s a t c o k f z

i ng i * looks, c K e r j * looks, f r o m j i - o

i n cokf,
r e v e r s e i n c l u s i o n :

s - t . j *
(Cb))¥0

t a k e ( b ] E c o t 9 2 ( b e B z )

t h i s m e a n s j ( b ) = f , c a ) t o t s o m e a c - A z

A z Is A z → 0 e x a c t ⇒ 7- a ' E A , s a t ; j ( a ' ) = a

put b ' = b - f , l a ' ) :

- [ b ' ] = ( b ) i n c o t f z

- j i b ' ) = j i b ) - j ff.cat/)=jCb)-f3cjca't) - O

⇒ b ' = i c b " ) f o r b '' E B , by B . i s B-IB, e x .

⇒ i*(Cb")) - ( b )



Step 3 c o n s t r u c t i o n o f 0 : K e e f , → c o t f

kerf, F A
s e t 0 ( a ) = ( b ) by

A . →

"AA
's →

At,
→

o -I ffzI I f } - c h o o s e a ' E A z .' jia')=q
0¥13, ↳ 132 ↳ 133

- b e B , i s t h e E l e m .
I

(b ) E c o k f , s i t . I ( b ) = f z ( a l )

1 ) j f f z l a ' ) ) = f , Cj ( a s ) ) = o → s u c h b e x i s t s

2 ) a n y o t h e r cho i c e : A ' t i l a " ) f o r s o m e a " e A ,

→ b i s replaced by b t f . c a " )

⇒ ( b ) i s indep. o f c h o i c e o f a ' a s a b o v e



Step 4 e x a c t n e s s o f K e t f - IF k e r f s } c o k f ,

- d ( a ) = o m e a n s "b = f , c a " ) " i n a b o v e c l e f .

ker fs 7 a

I . . j(a'-ica")) = a
a " E A , → ATE A }

⇒ w e c a n u s e a ' - i c a" )I f , I f ,
i n s t e a d o f a '

B , ↳ 132
- f , c a ' - i 1 9 " ) ) = O[

b t o f { a ' )
f r o m f z c i c a " ) ) = i ( f , la"))

⇒ a ' - i l a " ) E k e r f z

⇒ a i s i n t h e image o f k e r f s

- i f a = j ( d ) f o r a ' E k e t f z
,

w e g e t b i o



Step 5 e x a c t n e s s o f K e r f , § c o k f , ↳ c o l e f z

-

s u p p o s e i
* ( ( b ) ) s o i . e . I ( b ) = f - c a ' )

j i a ' ) i s i n k e - f , i f3( j ia' ) ) = jffzla'H=j(icb))

a ) d ( j l a ' ) ) = ( b ) by c o n s t .

- i
* ( O l a ) ) = o f r o m i*((b)) = ( f l a t ) ) = O

iii.' ⇒ a

b'eB,→¥#flag
Id

cokf, →
ctokfz

- 7 0

l b )



C o t . O → ( L x , d ) i s ( M i x , d ) ↳ ( N i x - d ) t o

e x a c t s e q u e n c e o f c h a i n complexes

n ) long e x a c t s e q .

- - → Hull.,d)'¥HnlM.,d)¥Hn(No,d)} Ha- i l l . -d) s . .

P r o o f P u t Z n ( L . ) = K e t ( L n ¥ L n - i )

B n ( L o ) = ing ( L u x , → L a ) - e t c .

T a k e
L n / B n ( L . ) → Mn/BuCM.) → Nn/BnCN.) → o

(da d a , d a
o → Z n - l ( L . ) → Zn- l ( M . ) → Z n - l ( N o )



s tep l L n l Bull.)¥Mn/BuCM.)'¥Nn/BnCN.) → o

i s e x a c t

- e x a c t n e s s a t N n / B u ( N . ) : sur ject iv i ty o f j

- a t M n I b n ( M . ) : t a k e ( a ) E M n / B n ( M . )

s i t . j * ( ( a ) 1 = 0 i . e . j ( a ) = D ( b ) B E Na t ,

t a k e a ' t M n t , a t . j c a ' ) = b

⇒ i l a - d a ' l = j i a ) -

deja)) = o

s o a - d a ' = i ( c ) f o r C E L n

⇒ i d c ) ) = C a - d a ' ) - l a ]



Step 2 O → Z n - l ( L . ) ¥ 2h-i(M.)#Zn-l ( N . ) i s e x a c t

- e x a c t n e s s a t 2 , - , ( L . ) : injectivity o f i

- a t Z n - l ( M . ) : t a k e a E Z n - l ( M . ) s.t.jo/al=o
t h e n I b e L n - , s i t . i t b ) = a ; w a n t d c b 1 = 0

i injective ⇒ enough t o h a v e i @ ( b ) ) = o

b u t i ( d e b t ) = . c l / i ( b ) )=dca i=o

Ln - i s M a - i

L d t d

Ln-2? M a - z



Step 3 H h ( L . , d ) I k e r ( L n 113,1L . ) #Zn-l (Lo))

Hn- i l l . -d ) E c o l e ( L n 113,1L . ) #2ns, (Lo))
f r o m H n I 2 n / B n

Step 4 H n ( N o , d ) & H u y ( L o , a l l a s i n c l a i m

u s e t h e s n a k e l e m m a f o r

↳ 1 1 3 d L . ) → Mn/BuCM.) → Nn/BnCN.) → o

Idx. Idx , I d x
o → Z n - l ( L . ) → Zn- l ( M . ) → Z n - l ( N o )

w i t h ident i f icat ion from step 3

( a l s o t o t ( M . - d )
, ( N . - d ) )



s l i g h t genera l izat ion : t r i p l e s

B C A C X → "tr ip le" ( X . A , B )

O → c n ( A , B ) → C n ( X . B ) → C u ( X , A ) → o e x a c t

1 1
, ,

1 1

C a l A l l c a l B ) c m C X ) / C n C B ) C u c X ) / C n (A)

⇒
( c o . . )

(045 e x a c t s e q .

- - → H n C A , B ) → H n ( x . B ) → H u ( X . A ) } H a i f a , B ) → - - -

R e m C n C X , t o ) = C n C X ) , H u ( X . 8 ) = H u ( X )

s o 1 3 = 0 s u b s u m e s t h e c a s e o f pa i r s



functoriality

f i ( x , A . B ) → ( X ' , A ' , B ' ) map o f t r i p l e s ;

f : X → X ' r e n t . ma p ,
FCA) CA' , f ( B ) a B '

→
m a p

o f e x a c t sequences

- - → H n ( A . B ) → H h ( x , B ) → H u ( X . A ) } Hu- iCA, B ) → - - -

I f i x I f * I f * I f i x

- . → HnCA', B') → t i n (×? B') → H u (X',A')} Hu-iCA', B)→ - - -

= compatible w i t h composition ( X , A . B) I , HIA,'B/§lxfA",B")
- only depends o n homotopy equiv. class o f f



T o p r o v e "Prop 2 " i

H h ( X , A ) I t Tn ( X I A ) (= H u l X I A ) f o r n > o )

f o r A c X closed, s i t . I Fen s A : A C V i s a

¢ ' t deform, r e t r a c t

w e need

T h ' m 2 . 2 0 ( E x c i s i o n ) Z - A C X s i t . I - Ao

t h e i n c l . map i : X 1 2 → X i nduces i s o m .
A B

H n l 1 1 1 2 , A ' 2 ) I H n ( X , A )

(alternat ive f o r m ) A . B e x
,
F u Bo

= X

0 ¥

⇒ i n c l . B ↳ X induces Hn(B, A n B ) I H n l X . A )
( B - X 1 2 )



E x c i s i o n ⇒ Prop 2

T a k e X > Fen s A s i t . A C V i s a deform, r e t r a c t

i . e . 7 - t : ✓ → A T o i = i d a , r i o t = i d o

- 0 1 A i s c o n t r a c t i b l e by t h e i nduced ma p

1 -
* : V I A → A I A c - singleton s p a c e

- MAX H A I E X I A , THAN# ' A ) E V I A

-

q : ( X , V , A ) → I X I A , V I A , A I A )

i n duce s H a ( X , A ) → H n l X I A , A I A ) , e t c .



L o o k a t C o m m . diagram
H n ( X , A ) → H n ( X , V ) c - H n ( X I A , V I A )

19¥ t 9 * d 9 *

H n ( X I A , A I A ) → Hn(X IA , -01A) ← HNUXIAIKAAD.lv/A)lCAiAD
112

H I CX I A )

step 1 H h ( X , A ) → H h ( X , T ) i s i s o .

l o ng e x a c t seq. fo r ( X- V , A ) g ives

- - → Hn ( V , A ) → H h ( X , A ) → H n l X . D ) → H a , I V . A ) → . . .

homotop. equiv. ( V . A ) I ( A . A ) gives Hkc -0 ,1 1=0
a

H a l o , A ) 1 - H u l A A )



Step 2 H n ( X I A , A I A ) → Hh ( H A , - 0 1 A ) i s i s o

s a m e a r g . w i t h 1 0 1 A , A I A ) E ( A I A , A I A )

step 3 H a ( X , t ) # ( X I A , V I A ) i s i s o

u s e e x c i s i o n

step 4 H , W A , - 0 1 A ) c - HNKXIAIKAAD.lv/A)lCAYtD

again e x c i s i o n f o r A I A c - 0 1 A - X I A

step 5 H n ( X I A , V I A ) 91, HNVXIAIKAAD.lv/A)lCAiAD
i s i s o

1 × 1 A ) E ( X I A ) 1 1 A M ) - e t c .



Prop 2 i s applicable w h e n ( X , A )

i s a C W p a i r i - e .

X i s 1 t h e underlying top. s p . o f ) a

c e l l complex

A < X c l o s e d , u n i o n o f s o m e c e l l s

o f X (subcomplex)

→ . - → H h C A ) → f l u ( x ) → H a ( X I A ) → Hin- iCa l

- - → H o ( A ) → H o l X ) → tTocXIA) t o
long e x a c t


