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E x e r c i s e 5 simplicial homology o f K l e i n b o t t l e

r e c a l l : t h e K l e i n b o t t l e k i s t h e n o n - o t i e n t a b l e

s u r f a c e o b t a i n e d by
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" " s o m e . > a i m .

"opposite" d i r e c t i o n s

↳ glue sides of
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respecting or ientat ion
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A - complex s t r u c t u r e
'

.

t w o 2-simplexes % , q
÷*⇒÷
÷ t h r e e I-simplexes G a , G b , O r

o n e 0-simplex o r

comparing o r i e n t a t i o n o n edges¥¥i,
g z % I

[ o n , , v , ]
= % 6 h ICU,.ua) =

ta
,

% /
C r o - v . )

= 6C %
Icvo, v , ]

= %

•

V l c v o , v , ] = % I l c v o . i r , ] = o



computing H : ( k ) :

N n ( K ) = o (⇒ HECK) = o ) ( n 3 3 )

O z ( K ) = { n o @ t h a : n o , h e c- Z }

0 , ( k ) = { h a G a t n b o i , t h e O c ' - h a - " b . " c EZ}
O o ( K ) = { n o % : n o E Z }

Z z ( q ) = O b - % t %
,
22 ( E ) = G a - G , t q

d , ( a ) = % - % = O = 24%1=2, ( a )

n - - 2 ) HECK) = o

K e r 0 2 = 0 by l i n e a r independence o f I q & I q



n - l ) H f ( K ) I z t o (21/221)

K e t o , = 0 , ( k ) = Z o a t o R o b - 0 2 E

i n g 2 2 = s p a n o f :

22 ( q ) = O b - O c t % & 22 ( E ) = G a - G , t o

t a k e % - E t q , t a , 0 g a s ba s i s o f 0 , ( k )

% - E t t a , 2 0 A : b a s i s o f ing Oz

⇒ 0 , ( k ) 1 i ng d , E (21122) t o Z

f r o m ( q ) f r o m (Gb )

Fiffy- Fiffy.'¥÷¥I÷¥¥



n - O ) H f ( I c ) - Z

image, = O
,

O o ( K ) 2- Z

r



Exercise 7 O-complex s t r u c t u r e o f 53

¥{¥¥oY w a n t : f i n d pairs o f f a c e s

s i t . t h e i r g lu ing (respecting t h e

V , orientation) gives 53

b a s i c i d e a :

ftp.siues.EE#i.

t h e n
€¥÷§÷

gives 53



check i ng t h a t §¥¥y]÷ gives 5 3 :

s a m e a s gluing t w o copies o f D3

by matching hemisphereso÷÷÷±O÷iI
⇐ one-point
compactification o f

112
3

I 53



C o n s t r a i n t : w e n e e d t o respect o r i e n t a t i o n

o n edges com ing f r o m ordering o f v e r t i c e s

,¥¥¥
¥¥µ§

u s glue t h e f a c e b r o , o , . i r )

t o [ V o - V i , - 3 )

t h e f a c e (0,,Uz,V3) t o [Vo, % , - 3 )
i . e . o n e 3 - simplex 0 1 3 )

t w o 2 - simplices 041,0122)
• ' 3 )

I c u . ,v , , , = 65111%,u,.us): 04', e t c .



I n l o w e r d imens ion . .

✓ 3 t h r e e ' t - simplices,÷€¥¥
¥§?§

d i ' = c u o . v n - d i ' s c a r . '

& ' = ( V . , - 2 ) = (01,03) = [ d o , 0 3 ) = [U o ,Uz]

t w o O - simplices
do,' = % ) : c o , ] , d ? = 141=103]

c h a i n s : 0 3 ( S 3 ) = Z oC3)

O z ( 5 3 ) = { n , 042) t h , o'}' i n . , n , EZ}

0 , ( S 3 ) = { n , 04" t n , o's" + n , o,"' i n i ER}
O

• ( S 3 ) = { n , 040) t h , o"}' i n . , n , EZ}



boundary m a p s

2 , 0137 = 6 " ' leo,,%,↳] -
O'"11%4,033+6"" two-4,23)

- £ 3 ' I
[00,01/02]

= 0427
- d ? + 01,2) - 041 = o

d , o'?' = "Cv, ,Vz ] - Coo,Uz] + ( Vo -U , ] "
g = of ' ) )
I

"
[ V o , U , , U z ) = [ Vo ,U,,v3)" =

2 20% ) = "cuz, v g ) - ( V i . U s ] t [ V i , V 2]"
= 6£)



2 , o f "
q

= "Cv, ) - Cvo]" = o

"cvo. ro, ] "

d , • { ' ' =

'

'cuz] - Cuz]' ' = O

O, of" = "cuz] - f o , ] " = 6120) - 6,6)

homo logy

H§(53) 1- Z f r om K e t 23 = ↳ (S3 ) Z Z

1420153) E 0 f r o m h e r 22 = 0

H i 153) I 0 from h e r d , = Ko",' t o 2 1 "
= i n g ,

H o o d ) = (Ro!"@204')/Z(of'-dog) ± Z



R e c a l l '- l ong e x a c t s e q .

- - - → H u l a ) → t i n ( X ) → Ha l X I A ) ' s H u . , CA)-1---
2

→ o > M → t u x → N '→ o

i f M ' = z
d ⇒ H u C X ) I 1 4 ④ Ed

i f M ' I 2 1 €
H a ( X ) c a n have s e v e r a l

possibi l i t ies
2 ) " e x t e n s i o n problem"



E x e r c i s e 1 4 e x t e n s i o n problem

Z k e 2 1 / 1 = 2 1 = { I n ] : n e z , C n t m k ] = C h ] }

1 ) I s t h e r e a s ho r t e x a c t s e q .
o f t h e f o r m

o → 24¥ 2 g ④ Z z → z a → o ?

Y E S '

.
c o n s i d e r f s i t . f((171=(11%9)

↳ = (21g t o 2 ) l i n g f h a s o rd e r 4

⇒ i s o m . t o e i t h e r 2 4 o r 2 1 2 + 0 2 / 2

[ ( C l ) , c o ) ) ] i s n o t o f order 2 i n G

((Cl), c o ) ) + ( C l ) , c o ) ) = (Cz),@J) ¢ ing f )



(con t . ) G c a n n o t b e Z z 0 2 / 2

2 1 a b e l i a n g r o u p s A appearing i n e x . seg .

o → 2pm F A → 2pm → 0 ( p : prime)

" b a s i c " example A = 2pm t h

F I C K ] ) = [ p i n k ] Cp"): fcc,])
h a s oral

pm i n 21pm-
in

" t r i v i a l " example A - 2pm t o 2pm
f- (Ck ) ) = ( C k ) , co))



s t r u c t u r e o f f i n i t e l y generated c o u s i n . g r p s

2yd t o Z p? . t o Zpez t o . . . t o 2 1 pen"

o rde rpmt .n l# fo rd . pm

Zpe, t o Zpes t o - - - t o Zpek, e , t . . . t e n = w i t h

e , > , e z ? . . .
s m E e ,takelozzpon the e x a c t s e q

0721pm → A →

a s above
Xp" t o

d im 1 o v e r

time ¥% r s y X p
m ) e x a c t seq. Rp → Ipo.- +02g, → Zp → o

f i e ld

t ight e x a c t n e s s

o f ~x0zZp
& ZpkxOzZpIzp - d i n k



M O z X p = { m o K i K m o x = m a k e
a

µ

A

Z p K E Z }

pm x o c i ]
= m o p-Ci] = m @ C o ) = O

⇒ I p v . OzXp I Z p
[13×0%1] c → l ' t )
-



( con t . ) k = I , 2
.

2pm' ,
21pmt u - I ④ Xp ,

- - -

, Zpmaxlmmltozpminlm.nl
-

f i 2pm → 21pm-in-K-024k
,

( i ) H (Cp"-ki], [ i ) )
~ ¥

w i l l d o l K E m , n )

or n o t . i s c y c l i c

image of ( lo) , c i s ) = i n g o f ( - 1 % 1 )



c a n d i d a t e s o f A i n o → 2 ¥ A → E p a → o

" b a s i c " e x . A = Z , f e i ) = p " i

" t r i v i a l " e x .
A = Z t o Z p n , f c i ) = i t o o

generally a s b e f o r e

Zd t o Zpg, t o - - -
t o 2 - pear.

S t e p ' L d = l i t a k e nx0zQ ; Q i s f l a t

o v e r 2 s o 0 → Z # Q → A@ z Q → 2pu§Q→o
' 1 2IQ e d ' f

i s e x a c t ⇒ D = I



Step 2 n o i w i t h p i # p

o t h e r w i s e ~ x 0 z Z p ; g i v e s a n e x a c t s e q .

R o z Rp i → A-0>R p i → Z p e n o z p i → o

§1 1 2 112

Z p i Rp i t o 2p§xo§p,- t o - - - ④ 2pieixozpi.to..
112

o i f p i # p , Z p iµ i f p i = p ,
has dimzp: 3 2

✓

Step 3 k E 1 t a k e - • z Z p , c o m p a r e

d i m o v e r Z p



Step 4 A = Z o z p e ⇒ e E n

( 0 , ( i ) ) i s n o t i n t h e image o f 2

b u t e > n ⇒ O H O , Cp " ] ) i s i n t h e

k e r n e l o f A → 2pm

Step 5
a n y ' e e n w o u l d g i v e

0 - 7 2 ¥ Z o z p e → Zpn → 0

F e i ) = ( p h - e i , C i ] )

t h e n . (p", @ ) ) = f lpe) e i n g f

° ( j-co]) e i n g f ⇒ pa l j
⇒ ( Z toZpe) l i n g f E Z p n


